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ABSTRACT :

The purpose of this paper is to introduce D-nuclei and to study some
of its properties. Also, we give the definitions of some D-separation axioms and
D-compactness for frames by using D-nuclei. Further, we discuss the image of

these axioms under homomorphisms,

1 - INTRODUCTION :

A frame [5] is defined to be a complete lattice L which satisfies the

infinite distributive law, that is, xA .lei = _v{(xxx i), forevery x e L and
1E e

every subset {x;};q of L.We shall call a map from one frame to another a

frame homomorphism [6], if it preserves arbitrary joins and finite meets. If x ts

an element of a frame L , then x*=v{yeLyax=0} is called the
pseudocomplement [3] of x.
In alattice L, b covers a (a is covered by ) (in notation, b> a(a < b)) [4]

if a<b and there 15 no exist x such thata <x <b.

ty,
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A subframe [5] of a frame L is simply a subset of L which is closed
under A and V.
Theorem 1.1 {11 :

Under a frame homomorphism (resp. isomorphism ) the image ( resp. the

inverse image) of frame is also a frame.
2 - THE INTERIOR AND THE CLOSURE QF D- NUCLEI :

In what follows, we give the definition of the interior (resp.the closure,

dense, nowhere dense ) D-nucleus. Also, we study some of its properties.

Definition 2.1 :

A D-nucleus on a frame L is defined asamap n;: L——>L satisfying :
(i) a2mn(a),
(i1) n(a)=n(n(a)) ,
(i) n{avb)=n(a)vn(b),foralla,db eL .
We denote by L) the lattice of all D-nuclei on a frame L and we denote the

bottom and the top elements of (L) by A,V respectively .

Example 2.1 :
let L beaframeand L={0,4a b,’1}. !

Then n, is a D-nucleus but 1 is not a b
D-nucleus. Since, 8
0
L
Ny :L——L ; n:L——=>L
1 1 1 1
b b b b
a a a a
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Example 2.2 :

A chain  o<ae<b=<c=.<1 onaclosedinterval ?
[0, 1] forms a frame , then the lattice of all D-nuclei on a { c
frame Lis 4(L)={n:i=0,a,b,c,.., 1}, where Ib
n, (x)={i :: fori,xeL . ia
0

L

Remark 2.1 :
The concept of a D-nucleus and the concept of a nucleus [ 6 ] are
independent as shown in Example 2.1 .

Definition 2.2 .
Let a be an element of L . Then the maps h, ,g, : L—— L with

h,(x)=anx, g,(x)=a—x, for al xelL are D-nuclei which for
topologies correspond to open, closed subspace respectively. D-nuclel
of this form are therefore said to be closed, open D-nucleus respectively .
A D-nucleus which is both open and closed is said to be a clopen.

We denote by O&f (L) the lattice of open D-nuclei, by C &4 (L) the
lattice of closed D-nuclei and by CO &4 (L) the lattice of clopen D-nuclei.

Example 2.3 :

In Example 2.2, for each ieL, the frame map gi(x)={0 120

x ,1=0
gives the class O (L) = {g,.2/ =8 =8p =8, =...}, and every D-
nucleus of L correspond to a unique clesed D-nucleus.

Now , we discuss the concepts of the intertor and the closure of a
D-nucleus 1 which will be denoted by n°,n" respectively .

Definition 2.3 :
For n €25 (L),we define the interior and the closure of 1} as :

P.3
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()n°=v{g:geOPB(L),gsn}.
(i)n =a{h:heCHBL) ,n<h}.
Lemma 2.1:
Let L be a frame and n,g € &5 (L) . Then
(i)If n<g ,then n°<g® ,
(i) 7 is an open D-nucleus iff n=n°" ,
(i) (nAg)’=n"~g® .
(i) Since n°=v{q:qe0HB (L) ,q<n}, then q<n ,qisanopen
D-nucleus but n< g implies that n° <g° .
(i1) The necessity . Let n be an open D-nucleus and n <n. Then n=1n" .

The sufficiency. Clearly n° is an open D-nueleus but n=n°.
Hence 1) is an open D-nucleus .
(ili) Firstly. Since nag<n , nagsg, then (nAg)°<n®Ag®.... (D)
Secondly . Since n° <n,g°<g implies that n°Ag®<nag,hence
1% Ag® s(nag)®...(2). Therefore (nAg)® =n°Ag®
Lemma 2.2 :

IfL is a frame and n,h & (L), then
(i)Let ngh .Then n~ < h~
(1i) n 1s a closed D-nucleus iff n=n".
(ii)(nvh)y"=n"vh™.
Proof ;

Obvious

In the following, we introduce the definition of a dense ( resp,

a nowhere dense ) D-nucleus of L.

Definition 2.4:

A D-nucleus 1 of a frame L is called dense ( resp. nowhere dense ) if

N =V(resp. " =A) |
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We denote by Dg(L) the set of dense D-nuclei, by N&4 (L) the set of

nowhere dense D-nuclei and by n°the complement of ) .

Example 2.4 :
In Example 2.2, 1, is a dense D-nucleus and n, 1s a nowhere dense

D-nucleus .

Lemma 2.3 :

If 7 is an open and a dense D-nucleus of L, then the complement of
1 is a nowhere dense D-nucleus of L .
Proof :

Since n is an open and a dense D-nucleus of L, then n* = A and
hence n° is a nowhere dense D-nucleus .
Remark 2.2 :

The complement of a nowhere dense D-nucleus of L is dense but
the converse is not true as shown in Example 2.4

Lemma 2.4 :
Let be a frame, g eO'¢4 (L) and n e (L) . Then gAan=gan

Proof:

Let xe gan . Then there exists an open D-nucleus q containing x
such that g A (g A ) # A implies that x e n”,and hence x eg A n~.Then
gansgan.. (1).
Conversely. Let xegan™ Then xeg and xen™ ,since x en , then
there exists an open D-nucleus q containing x such that g A n= A , hence
grlgam)=A Thus xe g A1 .Therefore g am~<gam ...(2) . Then from

(1}, ( 2) we have the result .

Theorem 2.1 ;

Let L be a frame and n be a D-nucleus of L . Then the following

statements are equivalent :

B.5
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(1) n1s adense D-nucleus of L.
(1) If h is a closed D-nucleus of L, n<h impliesthat h=V .
(1) =(ii). Let ) be a dense D-nucleus , h be a closed D-nucleus of L and
n<h.Thenh=V .
(1) =(1). Since n7is a closed D-nucleus and n< ™, then 1 1s a dense
D-nucleus of L .
Theorem 2.2 :

Let L;,L, be two frames . Then the following statements are
equivalent :
(1) L; and L, have the same nowhere dense D-nuclei .
( 11} 7 1s an open and a dense D-nucleus of L, iff 7 is an open and dense
D-nucleus of L, .
(i)=>(ii). Let i be an open and adense D-nucleus of L, . Then n° is a
nowhere dense D-nucleus of L, (byLemma23),butL,;,L, have the
same nowhere dense D-nuclei . Therefore 7 is an open and a dense D-
nucleus of L, .The proof of the converse is similar .
(i)=(1). Let m be a nowhere dense D-nucleus of L, . Then n° is a dense
D-nucleus of L,. Thus n® is an open and a dense D-nucleus of L,, hence
1 is a nowhere dense D-nucleus of L, . Therefore ,
NAL)SNAWL,)..(1).
Also , we have NCG4(L,)<N G4(L,)...(2). Then from (1), (2) it follows
that L;,L, have the same nowhere dense D-nuclei .

Theorem 2.3 :
Let L,,L, be two frames have the same dense D-nuclei . Then

L,,L, have the same nowhere dense D-nuclei .
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Proof :
Let n be a nowhere dense D-nucleus of L;and L, ,L, have the

same dense D- nuclei. Then 1) is a nowhere dense D-nucleus of L,. We
have NZA(L;) <NZ(L,)...(1).Also, we have NA(L,) SN (L)...(2).
Then from (1), (2) we have the result .

In the following we introduce the notion of D-submaximal and
D-extremely disconnected frame .
Definition 2.5 :

A frame L is said to be :

(1) D-submaximal if all dense D-nuclei are open .

(i1) D-extremely disconnected if the closure of every open D-nuclei on L is
open .

Example 2.5 :

A frame in Example 2.2 is D-submaximal and also D-extremely
disconnected .
Lemma 2.5 : .

Let L be a frame . Then the following condittons are equivalents :
(1) L is D-extremely disconnected .
(n)Ifg,qe0Y (L) ,ganq=A ,then g"Aq =A.
Proof :
()=(ii).lt 15 immediate from definition of D-exwremely disconnected
franie.
(i) =(1) . Let g be anopen D-nucleusof L. Then gan g™ =A. Hence
g ° < g, therefore g™ is an open D-nucleus of L. Then L is
D-extremely disconnected .

Theorem 2.4 :
Let L;,L, be two D-submaximai frammes. Then L;,L, have the same

dense D-nuclei iff L;,L, have the same nowhere dense D-nuclei .

P.7



P.8 M. E. Abd El-Monsef ; E.F. Lashein and A. [. El-Maghrabi

Proof :
The necessity . It is immediate from Theorem 2.3 .
The sufficiency . Let n be a dense D-nucleus of L, . Since L is

D-submaximal,then 1° is a nowhere dense D-nucleus of L, ( by Lemma

2.3).But L;,L, have the same nowhere dense D-nuclei ,then n is a dense

D-nucleus of L, . Therefore D& (L) <D &(L,).... (1) .Similarly,we have

DALY<DYH (L) ... (2). Hence from (1) ,(2) L,,L, have the same

dense D-nuclei .

3 - SOME D-SEPARATION AXIOMS AND D-COMPACTNESS
FOR FRAMES

In the following, we introduce some types of D-separation axioms

and D-compactness on frames by using D-nuclei . Also we give some
properties of these axioms on frames. Furthermore , we discuss the image
of D-separation axioms and D-compact frame under homomorphism.
Definition 3.1 :

A frame L is called :
(1) D-T, if, for every two open D-nuclei n; , n; such that 7,(x) < n;(x),for

x €L implies that n; =1, .
(1) D-T, if,for every two open D-nuclei n;,n,such that 1, (x) v n,(y)=1.
whenever x vy =1 in L implies that n; =7, .
(iii) D-regular if , for every xe Lx=na{uel :u’ aAx=0} .
(tv) D-normal if , for every x,y e L satisfying x Ay =0 , there exists ueL
such that XAU—_—y/\U* =0 .
Lemma 3.1 :
(i) Every D-T, frame is D- T; .
(i) Every D- regular frame is D-T, .
Proof :
(1) [t 1s immediate from Definition of D~T, and D - T, frame.
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(i) Suppose that L is a D-regular frame ; n,n, are open D-nuclei of L
such that n;(x) v ,(y) =1, whenever x vy=1,thenfor, xeL ,
x=a{uel: u’ Ax=0} . Now, u Ax=0 implies that nl(u‘)/\nz(x)=0 ,
then  my(u*) <(ny(x))" implies that 1,(x) € n,(x)....(1).Similarly, we
have n,(x) < y(x).... (2). Then from (1), (2) we have n; = n, . Therefore
LisD-T,.
Example 3.1 :

Let Lbeaframeand L = {0,ab,1} .
Then L 1s a D-regular frame. Hence L is a
D-T,frame and therefore L is a D-T, a

frame.

Corollary 3.1 :
Let L, f(L)be two frames , o) be an infimum of L and o1, be an

infimum of , f{(L.) . Then f (o )= o1 -
Proof ;

ForaeL ,thenf(a) ef(L),
f(op)=f(anoy),since f is homomorphism
=f(a)af(oy), but f(a)ef(L)

=f(a)Aof(L) , then
fayaf(o)=f(@a)a opqy... (1)
Also, f(a)=f(avoy),forael ; then
f(a) v f(oL)=f(a)vopy) - (2)
Then from (1), (2) we have f(o;) =0z, .
Lemma 3.2 :
Let f:L —— L be a homomorphic mapping from D-T; - frame L
onto a frame L . Then I/ sD-T, ;1=1,2 .
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Proof :
We prove the theorem only for aD-T,-frame . For every x el

there exists y eL such that fl(x)=y . Let g,,8, be open D-nuclei of U
with g,(x)<g,(x), for x e/, Then there exist q, .3 open D-nuclei of L
such that q; = f'g, , q, = f'g, .Since L is a D-T, —frame , then g =g -
Therefore [ is D-T; .
Theorem 3.1 :

If, f: L —> L' is homomorphism from D-regular { resp.
D-normal )frame L onto frame L’ , then L is D-regular (resp.D-normal ) .

We prove the theorem for a D-normal frame. For every x,y e L/
satisfying x Ay =0, there exist z,w eL such that z=f~!(x), w= £ (y)
and zaw =0. Since L is D-normal , then there exists an open D-nucleus

* *
u of L such that zaAu=wau =0, . Hence xau' =yau’ =0 ;

o el (by Corollary 3.1) . Therefore L' isa D-normal frame .

Finally , we introduce the definition of a D-compact frame.

Definition 3.2 :

A frame L is called D-compact if for every family of open
D-nuclei of L {G;:iel} for which v G;=V , has a finite subfamily
el

(Git ,Gig .., Gy } Of L for which v Gy =V .

Theorem 3.2 :
Under a homomorphic mapping ,the image of a D-compact frame is
also D-compact .

Proof :
Let f: L——K be homomorphism from a D-compact frame L onto

a frame K and let {H;:iel} be afamily of open D-nuclei of , f(L) for
which _lei=Vf(L) . Then there exists G, eL suchthat f(G;)=H; .
e

Since f,is homomorphism, then {G, :ie 1} is a family of open D-nuclei of









