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Abslracl- The sirnult,aneous development of bot,h hydrodynamic and 
ther~al boundary layers is theore~ically examined in case or 
iamlnar forced-convection in entrance region [or flow between two 

parallel plates. ThIs is done by the applicatIon of ~he local 
simllrlrit"y soll.l.lion-melt\od. Aceo.ding to this method, momentum and 
energy equations of the problem are transferred to ordinary 
dirferential equations, which are solved numerically by the Run~c­
K.u\..t.a met..hod accompanIed with the ShOaling method of boundary 
vahle problems. 

The dimensionless temperature and heat transrer coefric1ent 
are sui\..ably deflned so thsL the obLalned Nussel\.. number 1s valId 
in bot.h cases or const.ant. and equal wall- Lemp~rat.ures ;and in the 
same t.~me in case of consLant and unequal wall- temperat.ures. The 
values of Nusselt. number arc calculat..ed at.. different po~iLion~ 

alollg' t.he passa~e for the value of Prandtl number of 0.5, 1.0& 
2.0. This ran~e or Prandtl number satisries almost. the import.ant 
gases in the p.n~ineering applicat.ions. 

1. l}iTRODUcrIOH 

In the desl~n of heat exchangers, the prediction of the beat. 
transfer coefficient with a ~ood accuracy is a very import~nt. 

('act-or. At. the inlet. or t.he heat exchangers, both hydrodynamiC and 
t.hermal boundary loayers develop 5ln1u1 t;:lhoously. Therefore lamInar 
forced convection solutions In combIned ent.rance reclon represent 
an lmport.ant class of solutIons for heat. exchan~ers. Kakac and 
Yenel: [i1 moade_,a good survey of t..he previous studIes of laminar 
('orced Conv~ct.fon in various duct. geometries under' const.ant. wall 
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temperature and constant wall heat Clux boundary conditions, for 
Newtonian and constant physical properties Cluids. One of the 

simple geometries Cor the mathematical treatment, is the Claw 
between two parallel plates. 

Many different methods have been developed to solve the 
governing equations of the problem of heat transfer in 
simultaneous development oC velocity and temperature proCiles In 
the entance region. Sparrow [2] is the first investigator who 
studied the sImultaneous development of the velocity and 
temperature proCiles for parallel plate channels. Rohsenow and 
Choi [3] have graphically represented Sparrow's results for mean 
Nusselt numbers Cor Prandtl number oC values of 
0.0,0.Oi,O.12,i,2,iO,50 and ~ . An approximate serIes solution for 
the combined entrance region under constant wall temperature 
boundary condilions was obtaIned by Stephan [4]. Also, an analysiS 
of the simullaneously developing region was made by finIte 
difference melhod [5,6]. llwang and Fan [S] reported Nusselt number 
Cor Prandtl numbers in range of O.Oi to 50, for constant wali­
tel!lperalure and constant heat flux boundary conditions. Mercer [6) 
propos~d an el!lplrical rel~tlon for mean Nuss~lt number under 
constant wall temperalure boundary condItions. Miller ~nd Lundberg 
[1] extended the work of [5,6,7] for boundary conditions of 
constant but unequal wall temperalures. They used Bodol's veloclty 
distrIbutIon [8]. Their results have been presented for Prandtl 
number range from 0.5 to iO. The presenl problem lias also solved 
by the integral method [9,iO,ii). Naito (9] obtained the solution 
Cor velocity entrance region by Karman Pohlhausen integral 
method. Subsequently he obtained thE solution for the combi.ned 
entrance region under the constant heat flux boundary condition. 
Nusselt numbers of this work are in good agreement with the 
results obtaIned by Siegel and Sparrow (10]. Bhatti and Savery 
[11] made a graphical representation oC Nusselt number Cor Prandtl 
numbers ranging frOm O.Oi to iO.OO. 

Si~ilar solution for laminar Corced convectIon heat transCer 
from single plate was obtained by Lin and LIn [121. Their 
simIlarIty soiution provides very accurate solutions for laminar 
forced convection heat transCer from either an isothermal surCace 
or a uniCorm- flux boundary to a fluid oC any prandtl number. The 
purpose of the present IIork Is to make a local si~ilarity solution 
for laminar forced convectIon heat transfer in entrance regIon Cor 
Clow between two parallel plates. The locai similarity solution of 
boundary layer equations was flrsl derIved by Sparrow, Quack and 
Boerner [i3]. In presenl work lhe achIeved local similarIty 
solution Is valld for boundary condllions of constant and equal 
wall temperatures and also for the boundary conditIon oC constant 
and unequal wall temperatures. 
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2. BOUNDARY-LAYER EQUATIONS 

Conslde~ ~he l~mina~ bounda~y-Iaye~ Claw be~ween ~wo parallel 
plates as shown in Fl~. (1). The velocIty oC approach, temperature 
oC ~he Clu1d at the inlet and ~he dls~an~e be~ween ~he ~wo pla~es 

a~e denoted as uo' To and b, respectively. The velocity at the 
axis oC slmila~ity is denoted by uo • x lhe case oC constant 
wall-tempe~a~ure~( T1 ,Tz) will be studied. The wall ~empera~ures 

can be equal or unequal. Cons~an~ Cluid properties are assumed. 

The governing equa~lons can be 
co-ordinate x, y as Col lows : 

~ + ~". 0 

u au + v au aLu 
ax ay v ay2 

u ~ + v ~ a ~I <'Jy2 

wrItten io Carte:c;ian 

(1 ) 

(2) 

(3) 

where u and v ~re ~he velocl~y components in x- and y-dlrectlons, 
respectively, T is the temperature or rluid, v the kinema~ic 

viscosity and a the thermal diCruslvlty. In the momentum equatIon, 
the efCect oC pressuru varla~ion in x-direction is neglected. The 
value oC the velocity 'at the axiS of simila~i~y (uo x), at any 
value oC x must satisfy the con~inuity equation in inte~ral form, 
.. hich states 

(4.) 

Equations (i)-(3) rorm a system uf equations for three unkowns u. 
v and T. This system has to satisfy the followin~ boundary 
condlt.lons : 

u = v = 0 at y = 0 

at y = 0 
at y '" ba 

(5) 

To express the ~overnio~ equations in dimensionless (orm, one 
introduces new independent variables ~, n as follows : 

(6) 

Furthermore> a dimensionless stream fUnction Dnd a dImensionless 
~emperature are defined according to the rollowing relatIons : 

~ - <T 2 -Ta ) / <T,-T
o

) 

where ~(x.y) is the stream funcLion 
satisfy the cont.inuity equation (1). The 
(6) and the ~al1 tem~erature ratio (~) 

manner to satisfy the condition of 

(7) 

(8) 

which Is Introduced to 
dimensIonless temperature 
are defined In such a 

constant and equal wall 
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tcmpera~ures, and also ~he case of cons~an~ and unequal wall 
lempera~ure. In firs~ case ~ has ~he value or one and on other 
hand ,in second case ~he value of ¢ could ~ake a value in ~he 

ran~e of n11 Lo one. SubsLi~ution o~ equ~ions (6)-(8) in~o 

equa~ions (1)-(3) and (5) leads ~o ~he following dimensIonless 
form of ~he momen~um and energy equa~lons (primes deno~lng 

different.iation wlt.h respect. ~o " ) 

f.... + ~ f f" == 0 (9) 

2 6" + f" -Pr 6' '" 0 (0) 

wit.h t.he boundary condit.lons 

f "" f' -0 t)1 -r~~ at 7J - 0 (11a) 

f' = 0 6
2 

=: -~~-
i+¢ at. 7J = ~ ; (lib) 

f' = ~~~~ at. 7J = 7Jb/2 (llc) 

where ~band 7Jb/
2 

denoLe Lhe value of the dimensionless 
independent. variabie 7J corresponding t.o ~he to~al dist.ance be~ween 
~he pla~s (b) and t.o t.he haif of t.his dist.ance (b/2) , 

respec:t.ively. Accordin~ ~o t.he local similal'i~y solu~ion meLhod 
[131, t.he derivat.ives of t.he variables f and 6 wlt.h respect. t.o ~ 

In equa~lons (9)-(10) are ignored ,and ~ is dealt. wit.h as a 
paramet.er, which is varied according t.o ~he vaiue of x. Moreover, 
according to t.he definit.ions of ~>ry and f [equat.lons(6)-(7)], and 
equat.ion (4.), t.he proper value of f' (~,rlb/2) musL saLisfy t.he 
following equat.ion 

(12) 

Equat..ions (0)-<1t) represent. system of ordinary 
different.ial equations wiLh ~heir boundary condiLions, which must. 
be sat.isfied. Because of t.he siml1arit.y of t.he velocity proftle 
about ~he similarl~y-axis of t.he passa~e, i~ is convenient. t.o 
solve t.he moment.um equat.ion for t.he half of flow field (from y=O 
~o y=b/2). The value or ry has a fixed value of nil at t.he 
boundary, where y=O. But r~om equnLion (6), Lhe value or 7J at t.he 
ot.her boundary (at y=b;2) depends upon ~he value of x and,in t.urn. 
upon t.be vaiue of ~. as it. is clear from t.he following equat.ion 

(13) 

3. NUMERICAL PROCEDURE 

ACCOrding Lo Lhe lo~al s1mil~rit.y-method (131, t.he syst.em or 
equations (9)-(11) is solved ror dlrrerent. vaiues or t.he paramet.er 
~ and hence for diCferent. values of ~b' Flrst., t.he moment.um 
equation (0) and its bound4ry condi~ions [equaLions (11a)-(11c)] 
is soiv~d,numerlcailY. by t.he Runge-Kut.t.a method of ordinary 
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dirrerenLial equaLlons, The value ot C' aL q=nb/
2 

Is jusLlried to 
Lhe propel' value. using Lhe shooLing meL hod of t.he boundary value 
problems accompanied wi~h ~he Newt.on-Raphson met.hod or 
non-algebric equa~lons. ThIs proper value or C' produces a 
veloclt.y profIle. whIch sat.lsries equat.lon (12), Knowing t.he 
velocit.y profile. one can proceed t.o solve t.he energy equat.ion 
(10) and it.s boundary condlt.ions [equa~ions (11a)-(11b)]. \Ht.h t.he 
same numerical procedure used t.o solve t.he momenLum equat.lon, Lhe 
energy equatIon Is solved. The SoluLion or IL conslst.s or t.yO 
parLs. the rr1s~ Is t.he soIULlon oC t.he energy equa~lon from t.he 
boundary. where ry=0 and t.he second st.art.s Crom t.he ot.her boundarY, 
where n=nb' The LWO part.s or soIuLlon is properly coupled at t.he 
positIon, whel'€' t.he LcmperaLul'e or t.he rluld has the mInimum value 
(&=0). A constant sLep size An is Laken as 0.1. The highest. value 
or 0b' used to obtain Lhe present resul~s, is Laken as 50 and 
hence the corresponding value or ~/~eb has ~o be 0.02 (smallesL 
value or ~). The value or the paramet.er ~ is Increased by a 
variable InLerval A~ corresponding to a constant interval Aob =- 2. 

When the velocity and temperaLure rields have 
Lhe local NusselL ",umber Nu,. ,and the local 
rric~ion C( can be det.ermined accordIng to 
derinitlons : 

Nu~ = ilk! Cf = T~ / P u~ 
where, t.he shear sLress aL t.he wall T~. Lhe local 
coerrlclent h and the thermal coductlvlLy k 
accordIng t.o the rollowlng equatIons 

T =PJ..I(!?!!) " cry y::oo 

Tl + T2 
q" ~ h ( ---2--- T ) 

'" 

been ob~ained 

coerrlci.enL or 
the rollowlng 

(14.) 

heat.. l.r:.nsrer 
are deLermlned 

Introducing dimenSionless varIables In equatIons (14)-(16), one 
obt..ains t..he rollowing expressions or local Nusseit. number and 
local coerricient or rrlct..lon : 

Nu,. lfi~: ...,. ( le'(O,OI + le'(ob.l:)1 ) I (1 - em) (17) 

where Re,. denot..ss the local Reynolds number (uox~v) and e~ is the 
average dImensionless temperature. 

4. RESULTS AND DISCUSSION 

The numerical obtained results are represent.ed in t.he 
Collowing Cigures, Pig. (2) represents the velocit.y proCl1e aL 
diCrerent values or ~b and hence at dirferent. values or ~. At. 
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~b=iO (YIRe:/Re b = O.i) Lhe proCile Lakes ~ shape near LhaL or Lhe 
Cully developed Clow (parabolic prorile). Figures (3)-(4) are Lhe 
dimensionless LemperaLure proCile Cor the cases oC consLanL and 
equal wall-LemperaLures (~ • i.O), and constant and unequal 
wall-LemperaLures (~ = 0.25). Fig. (3) is drawn ror Pr 2.0 aL 
values or ~'b= 40, 30, 20 & 10, or in another word aL values of 

Y-~:/Reb • 0.025, 0.033, 0.05& 0.1. Fig. (4) shows the developing 
of Lemperature profile in case of ~ = 0.25 (9,-1.6, e2

c O.4). The 
dimensionless bulk temperature (em) along Lhe passage aL dlfferenL 
Prandtl number 1s given in Fig. (5). Local Nusselt number 
(Nu /TR-e-) against Lhe dimensionless disLance (YRe-/Re~) along the 

)j x )j u 

passage for Pr d2.0, 1.0, 0.5 is gIven in FIg. (6), For Lhe 
purpose oC comparison wlLh Lhe results of previous 
investigations, the locai Nusseit numher (Nub ~ hb / k) is 

represented against dimensionless distance x* (x* =(x/b)/(Re)jPr») 
in Fig. (7). It is clear thaL, the vaiue of Nusselt number (Nub) 
takes an asymptotic value of about twelve for all values or 
Prandtl numbers. This asymptotic value is lower than that obtained 
in iiteratures (NUb/

2
= 7.504). The reason or Lhis devlaLion seems 

to be due Lo the negligence of the effect of Lhe pressure 
variation along the passage. The numerical resuiLs of Nu,. and NUb 
are tabulated in tables (i)-(2). Fig. (8) shows maximum velociLy. 
local Nusselt number and coerficienL of friction Cor Prandtl 
number of one agaInst the dimensioniess dIstance ~e:/Reb' 

S. CONCLUSION 

The present work proves thaL, Lhe local similarity solution 
method is suiLable to solve lhe governing equations of the flow 
not only over a single surface, but also Cor Clow through 
conduiLs,the Simplest shape of them is the Clow between two 
parallel plaLes. The computer program based upon the present 
derived solutIon is self-st~rLin, one. More than Lhe boundary 
condItIons of Lhe'problem, no further informaLlons are requ1red to 
carry out Lhe calculaLions aL any posiLion along the passage. The 
obLained Nusselt number, In presenL study, is valid ror case oC 
constant and equal wall-temperatures, and aL Lhe same time Cor the 
case of constant and unequal wall-LemperaLures. The devlaLion oC 
the numerical results from that of previous works is, probably. 
due Lo the negligence of Lhe effect of pressure varlaLions inside 
the passage. Hence. it is proposed to make more studies Lo examine 
the correctness of Lhis suggested reason. 

6. "OHDICLATURE 

b the normal dlsLance between the LWo plates 
Cr coeCCicienL oC friction, Ty/PUO 

C dimensioniess stream Cunction. ~/T(u-v-i) o 
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h 
k 

local heat transfer coefficIent, defined through eq.(iO) 
L}lcrm:'ll ('!ondllct..ivlt..y 

NUb 
Nu 

" Pr 

q" 
R.e

b 
Re 

" T 
T 

<> 
TJ.,T2 

Til' 

T .... 
U 

U 

II 

v 

X 

<:J 

0, Jt 

local MusselL number uased upon b, hb/k 
local NusselL number, hx/k 
Prandtl number, ~/a 

heuL flux at the _all 
lucal Reynolds number based upon b. 
local R.eynolds number. uox/~ 
telllpera t..ure 
temperature or fluId at the inlet cross-sect..lon 
temperature of lower and upper wal1 .respec~ively 
uluN: t..emperat..ure 
wall-temperature 
velocity componen~ in x-direction 
the velocity at inlet.. cross-sectIon or the passage 
the velocity at.. the axis or similarity 
veloclt..y component.. in y-direction 
co-ordInate along the 10wer wall or the passage .. 

x dimensionless distance, (x/u)/(RebPr) 
y co-ordinate normal to the lower wall or passage 
a thermal dirrusivitv, DC /k 

p 

dimensionless independent varIable, 

the valu", of' ,~ at the upper wall, Reb/Tie: 
the value of Tl at the haIr or t..he distance betlleen the 
two walls 

p 
e 
T .. 
IJ.I 

dimensionless independent.. variable, 7(U-X)/v 
o 

wall-temperatures rat..lo, (T2 -To)/(T,-T
a

' 

kinemat..ic vlscosit..y 
density 
dimensionless t..cmperAture, 2 (T-To ) / (1~~)(T1-To) 

wall shear stress,. p~ (~)y~O 
stre<.lm functIon 
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I=ig. ( 1 ) Schn,atic d!?5Cflpticn of Ihe flow between 
I'JO p<lralle( plates. 
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Fig. (2) The dtwelopment of the velo¢ity profile' of laminar flow 
in the entrance region of the passage. 
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The development of the temperature profile in the Ihermci 
entrance region of the passoge in case of const.anl and 
equal wall temperatures . 
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