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Prediction of Elastic Properties of Short Fibers
Reinforced Composites
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‘Ali‘stract

Short fiber reinforced polymer composites (SFRC) are used widely in industrial applications. It is imperative to have
analytical expression that is able to predict elastlc properties of composite materials instead of manufacturing and
testing the materials. Having such expression saves efforts and time when designing composite materials. In
addltlon the analytlcal expresswn will:enable examining the effects of some parameters on the elastic properties of
compdsite materials. In this work, an analytical model is adopted to predict elastic properties of short fiber
reinforced polymer composite. The fibers are considered aligned and randomly oriented in the matrix. The model is
based on the modified Mori-Tanaka approach along with a randomization procedure. The model is verified by
comparing its results to experimental data from literature. The model results that consider the random orientation of
fibers agree well with the experimental data. Thereafter, the model is used to perform a case study to elucidate the
effect of fiber volume fraction and fiber’s éspect ratio on the elastic properties of the composite material. The results
show. that increasing fiber volume fraction leads to nonlinear increase in both elastic and shear moduli and non
linear decrease in Poisson'’s ratio. The study shows insignificant effect of changing fiber’s aspect ratio on the elastic
properties of composite:‘-r_néterials.
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1. Introduction

Industrial applications of short fiber
reinforced composites (SFRC) are largely
expanded due to their high strength and
stiffness to weight ratio. In addition, ease of
fabrication and low cost elected them for a
large scale of products. They are used in
automotive  industry, aerospace and
biomedical applications. Several factors are
governing the elastic behavior of short fiber
composites such as fiber volume fraction,
fiber packing arrangement, fiber geometry,
fiber orientation and fiber-matrix interface.
Mostly, short fibers are dispersed randomly
in the polymer matrix due to comparative
easiness of production process. Due to the
wide scale applications of the SFRC, it is so
important to predict the elastic properties of
composite materials. Researchers have been
working to develop theoretical base methods
to predict elastic properties of SFRC that are

considerably accurate when compared to

experimental data [1-4].

Several models were developed to predict
mechanical properties of aligned short fiber
reinforced composites. Most widely used
models that give considerably accurate
results are based on shear-lag analysis which
originally proposed by Cox [1], Halpin and
Kardos [2], Agarwal et al. [3], and Tucker

and Liang [4]. Applying these models on
randomly oriented short fibers to predict the
composite properties is limited. However,
some empirical relationships can be used in
conjunction with these models to determine
approximate properties of random short
fiber composite -[3; 5]. Christensen and
Waals [6] developed a model to examine the
composite behavior considering three-
dimensional (3-D) rundom orientation and
fiber-matrix  interaciion  effects.  They
claimed that the model provides reasonable
results at low fiber volume fractions. The
comparison between the model results at
low volume fractions to experimental data
by Lee [7] showed that the prediction was
within a range of 0-15% higher than the
experimental data. Manera [8] presented
approximate equations to predict the elastic
properties of randomly oriented short fiber
glass composite in 2-D. It was assumed that
the fibers have high aspect ratio (fiber
length/fiber diameter >300), the fibers are
randomly distribu =d in 2-D and the
composites are treated as laminates with an
infinite layers oriented ‘n all directions. The
results of the approximate equation that
predicts composite modulus was compared
to test data showing differences less than
5%. Pan [9] :veloped .n approach to

predict elastic properties based on the rule of
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mixture approach. Pan introduced a

probability density function to specify the

fiber orientation along with a constructed
relationship between the fiber volume

fraction and the fiber area fraction. _The

results were compared to Christensen [6],

Manera [8] results and data reported in

literature as well. The results agreed with the .

experimental data ‘at low fiber volume
fractions. Huang [10] presented an approach
to obtain the effective moduli of 2D and 3D
randomly oriented short fibers cornposités in
terms of shape and volume fraction of fibers.

The fibers were treated as spheriodal

inclusions to enable their geometry rangirig |

from short to continuous fibers. A
probability density function was used along
With Mori-Tanaka mean field theory to
consider the interaction between fiber and
matrix. Numerical examples showed that the’
effective moduli are strongly affected by
fiber vqlumé fractiop, fiber aspect ratio and
fiber orientation. Jiang et al [11] discussed
the effect of aspect ratio and fiber
orientation on the overall elastic properties
of short fiber reinforced composites using
the Mori-Tanaka method. They found
differences more than 30% in the overall
properties obtained from the model using
average aspect ratio when the aspect ratio

did not follow a symmetric distribution.

Liang [12] derived an expression for
Young’s modulus of short inorganic fiber
reinforced polymer composites based on
pfeviously proposed work of the same
author [13]. The equation was verified by
comparing its results to experimental data
reported in literature showing good

agreement.

The Quick review above shows the
importance of modeling the elastic
properties of randomly oriented short fiber
reinforcing composites. Although empirical
modeling shows success in this area, it
requires time and effort to prepare and test
samples. An analytical model that gives
reasonable and comparable results can be
beneficial and efficient in understanding the
influence of various parameters on the

elastic properties of composites.

In this work, analytical model utilizes Mori-
Tanaka modified approach [15] is merged
with a randomization procedure to .calculate
the elastic properties of randomly oriented
short fiber reinforced polymer composites.
Furthermore, the effec’ of fiber volume
fraction and fiber’s aspect ratio (fiber
length/fiber diameter) on the elastic
properties of composite material will 'be

discussed.
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2. Micromechanics model

The modified approach of Mori-Tanaka that
utilizes Eshelby tensors [14] will be used.
Perfect . bonding -betWeen - fiber and
surrounding matrix is assumed. Applying
displacement boundary conditions that cause
a uniform overall strain (€,), the average
stress (&) on a volume element can be

defined as [15]:
TG=Co €E=Co€povenivvinnnnnn. (D)

Where, C. is the tensor of elastic moduli of
composite and € is the average strain on the

volume element. Considering the volume

fraction (V)) of each phase (j), the following

general expressions of the volume average

of the stress and strain can be obtained [16].
5=Vf'(07f)+Vm'—o_-—1;
E=Vr () + Vi En e ()

Where: the subscript f and m represents the
phases of fiber and matrix respectively and
the angle brackets denotes the average strain
of randomly oriented fibers. Using equations
1 and 2, the effective tensor of elastic

moduli of the composite can be obtained as:

Where, A4; are fourth order tensors

representing the strain concentration factors

that relate the average strain in each phase to

the average strain in composite as follows:

E=Aj-€=4; € ,and

Where, I is the fourth order identity tensor.
Replacing the stress concentration factors by
the dilute strain concentration tensor
following [16], the effective tensor for the

elastic moduli can be obtained from:
Ce = Com + [VA((Cr = C)AP)] X
-1
Vil + VAAD] (5)

Where, A} is the local dilute strain

concentration fourth order tensor given by:
_ -1
A =[1+5C)™(C = Cn)] - (6)

Where, S is the Eshelby fourth order tensor
[14]. '

2.1 Randomization procedure

For randomly distributed fibers in 3D, the
relationship between the local axis system of
the fiber and its gl bal axis system can be
defined using the transformation tensor (7).
Figure 1 shows the loc | axis system for the
short fiber (X, y and z) and the composite’s
global axis system (X, Y and Z). Two Euler
angles (@, B) is used in the transformation
matrix (7)

perforu, the needed

transformation of the moduli tensor.
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Figlire 1: Euler angles defining the
: felationship between the local and global

.axis systems.

' The fourth order local dilute strain tensor

Al.s can be transformed into the global
A?jm using the transformation tensor I as
follow [17]:

A = Ty TiqTr TisAars «ovveeees (N

And the average of the dilute mechanical

concentration fourth order tensor for random

_ orientation can be calculated as follow [18, ‘

19]:

SR SFa%apysing dadf .
(A,)— [ fy sinp de dB )

Where, the angle . brackets indicate . the

average values over all orientations in the

_ three dimensions (3D).

' 3. Model verification

The above equations in conjunction with
randomization procedure are programmed in
a MatLab® code to calculaté the elastic
properties of polymer composites. The
model is able to calculate the composite

elastic properties using elastic properties of

- composite constituents (fiber and matrix) at

various fiber volume fractions and fiber’s
aspect ratios. The model results are

compared to eXperimental data in literature

- [201 fio verify model’s accuracy. The

experimental study used glass fibers

dispersed randomly in polystyrehe matrix to

: prod_uée polymer composite materials with

fiber volume fractions varies between 0.05 -
0.5. Elastic modulus of glass fiber is 72.39:5
GPa, Poisson’s ratio is 02 and _ﬁber
diameter is 9.114 pm. Elastic modulus of
polystyrene matrix is 3.24 GPa and
Poisson’s ratio is 0.32. Figure 2 shows the

model results for elastic modulus of

- composite materials compared to - the

‘experiinéntal data crotured from literature

[20]. The model results are calculated

considering the randomization procedure

(solid line) and also when c;onsidering'the

fibers are : .zned in he direction of

~ calculated modulus (dashed line).
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Figure 2: Comparison of elastic modulus from present model with/without random
procedure and experimental data from [20].

Statistically, the inbdel A,result_s',‘. when the
randomization _prdceduré C s ;con‘sidered,
agree very well with the experimental data
showing correlation coefficient equali to
0.992. On the other hand, the model results
are overestimated when = randomization
procedure is ignored and the fibers are
considered aligned. The . overestimated
results increase more éigniﬁcantly when

fiber  volume fraction increased. The

correlation coefficient estimated in this case:

was 0.740.

4. Elastic properties of
composites

A numerical case study is performed in this

section to discuss the effect of fiber volume

fraction and fiber’s aspect ratio (o = fiber
length/fiber diamefer) on the elastic
properties of randomly oriented short fiber
reinforced polymer composite. The same
material properties that is used in the
previous section will be used here with fiber
volume fractions varies from 0.05 to 0.7.
Further, different aspect ratios will be uéed
at every fiber volume fraction. Aspect ratios
used are 10, 20, 30, 40. 50 and 100.

Figures 3-5 show the model results of the

elastic properties of 'g1a°s fibers reinforced
polystyrene matrix composites considering
the random orientations of fibers. Figures 3
and 4 show the effect of changing fiber
volurné fraction: a both elustic and shear

moduli at different fiber’s aspect ratios.
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Both moduli nonlinearly increase when the higher fiber volume fraction, increasing
fiber volume fraction increases. A slight fiber’s aspect ratio over 30 almost has no
effect of changing fiber’s aspect ratio shows effect on changing the composite’s moduli.

up at higher fiber volume fractions. At
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Figure 3: The effect of fiber volume fraction on the elastic modulus at different fiber’s
aspect ratios.
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Figure 4: The effect of fiber volume fraction on the shear mod us at diffcent fiber’s
aspect ratios.
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Figure 5 shows the effect of changing fiber
volume fraction on the Poisson’s ratio of the
composite material at different fiber’s aspéct
ratios. The Poisson’s ratio of compos‘ite
material
increasing the fiber volume fraction. At low

fiber volume fractions (up to 0.25) the effect

nonlinearly' decreases  with -

" L
N

of changing fiber’s aspect ratio is not
recognized. At higher volume fractions,
small ~difference starts showing up.
However, no recognized difference between
results is shown when fiber’s aspect ratio

pésses 30.
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Figure 5: The effect of fiber volume fraction on the Poisson’s ratio at different fiber’s
aspect ratios.

5. Conclusions

This study introduces analytical model that
is based on the modified Mori-Tanaka
approach along with randomization
procedure to- calculate the elastic properties
of 'shortv fiber  reinforced  polymer
composites. The model results were verified
by comparing tl;em to experimental data

presented earlier in literature. The model

results agree well with the experimental data
only when the rand.omization procedure is
induced. Thereafter, the model is used to
discuss the effect of {her volume fraction

and fiber’s aspect ratio on the elastic

- properties of polymer composites. The

results show that the elastic and shear
moduli are incr sed nonlirearly when the

fiber volume f:uction incrcases. Poisson’s
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ratio of polymer composite is nonlinearly
decreased when the fiber volume fraction
increases. The study shows that the fiber
volume fraction has a nonlinear effect on the
composite elastic properties. On the other
hand, increasing fiber’s aspect ratio has no

recognized effect on the composite elastic

- properties especially at low fiber volume

fractions. At higher fiber volume fractions,
very small variations show up when fiber’s
aspect ratio changed from 10 to 20. For
fiber’s aspect ratio equal or greatér than 30,
there is almost no effect on the composite

elastic properties.
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