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ABSTRACT - Conventional moment method wi th subsectiona! bases and Dirac testing funCl'on~ 
reduces the <lnalysls of symmetric pl<lnar mICrowave circuits to solving a sys~em of linear 
equalion:; IInlh I)I,oek circulant coefficient matrix. A method i~ presented lor diagcnalizing 
this matrix using discrete Founer transforms (01-1). It is shown that much ecof'lomy In 
memory space and computation time can be achieved by making use of the properties of 
block ClrculanlS af'ld by implementing the OFT's using last Fourier transform (FFT) techniques. 

I. INTRODUCTION 

Planar ClrcvllS considered in th,s work are microwave jUf'lctiof'ls having dimension~ 
comparable to the wavelef'lgth In two directions but much leH Ihickness in the perpendicular 
dlrectiof'l. The commonly used techf'lique for analyzing these ClrCUlh IS based on a contour 
if'ltegral representatJof'l of the Helmholtz wave equation which is rerlucecl to a matrix equation 
by the cOf'lventional method 01 momef'll~; usually using pel!se Iunctions as subsectional ba~is 
functions and Dirac delta functions as testing fUnctions [I -5). 

A dr~wback of this method is that it invol"e~ the inver~ion of lacge order matrices 
to get ,he matrix-impedance description of the junction. The situation is lIIorse when the 
method 15 used [or the analY~ls ot planar resonators. lor evef'l with an eHicient root findif'l& 
algorithm l,kc, (or instance, the Muller algori thm, a big delllrm ,nant has to be evaluated 
repeatedly in order to determ!f'le the resonant frequency. Matrix inversion and oe term [nan l 
evalclalion are time alld memory-space consuming operations, espeCIally with limited computer 
resources. 

This paper presents a proposal to reduce the memorY'~pace and computation time 
In the anal)'sls 01 planar circuiTS with rotational symmetry, .... ·here an appropriate cliscretiz­
atlon 01 the contour 'ntegral is shown \0 resuit m a s}'~tem of linear equations IIIIth a block­
clrculaf'lt coefIicief'lt ma IrIX. ThIS is a ma.1rix in which a basic rOIll of blocks is repe; . 
again and again but lIIith a shift in position. In practical computatJons, therefore, only 
basic row f'leed to be computed and stored in I!'>e compu ter memory. Besides, l!'>e bu 
periodicity me8.f'lS tna t block circulanlS tie in lIIith Fourier anal~'sls and in the present 
lIIe show hOIll block circulant equallon~ can bc solved using FFT techniqucs which p , 
considerable saving of computa,ion time. " 

In a recent work, a [echn~que is suggested to use FFT to s~ed analysis of sy I 

cal planar junctions With circu lar boundaries charac[e~iled by a system 01 linear f: 
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IiIlt:l circulant coelliclent matrix [j]. The pn.:~(;nl worl, comiders m-lold symmetrIC junctions 
and is, thereIore, a generalization fforr. which 1he '>peci!1 case Heated i!'l [~l is readily 
deduced. 

IL THE CONTOUR INTEGRAL METHOD 

Con~ider an m-lold symmetric planar junction made up of a center conductor sandwi­
ched by two subsLraTes. For the Sillke oj gener allty, the substratl"~ are assumed to be 01 
t"rrire material with a magnetic field acting perpemliLular to the ground conductors as 
shown in Fig. la. When the (hic-<:ness d il much $maller than the wavclcnsth and the ,arite 
~pacers are homogeneous and Iineillr, only the fIeld comp()nent~ E , H , and H do el<ist z x y 
and are independent 01 z. It is deduced Irom Maxlllell's equations rha: the RF-voltage V=dE 
5atlsftp$ the Helrnholu equa~H:'f\ z 

where 

, 2 
(~ I k ) V ~ ) 

k = (WIC) ()Je E/12 
t{ relative dielectric constant of [he ferrite 

)Je = ef/ectJlle permeabilHy 01 the ferrl!e 

(jJ2 _ k2 1 I }J 

)l,k ~ d!agonal and oli-diagonal element!; of 'he j)ermeabilit)' tensor. 

At a coupling pon, the following bllundary condition should be ~atisned 

1< /)'1 bv I 
)J ()T • On "-ju»),,, d '" 

· •• (J j 

• •• (2) 

where I is the sur face current den~my normal to the boundary and 6 t and (jn are, respec­
t,vel~, rtte derillatlve tangential and normal to the boundary. At :larts of the boundary 
where there are no coupling perts we may assune. negl~cting fringIl'\I!, Hel.:l$, .:I perfeCT 
magnetic wall, I.e. In = ). 

FollOWing /.\lyoshl et al. [2,1j] and uSJI'Ig Weber's solution for the cyllncrtcal Green's 
(unctIons, equation (J) with the boundary condition (2) is reduced' to the contour integral 
equation 

1 
Vp ~ 2T 

• •• (3) 
where p arid q are pOlf\l~ an the b:lurldary c 01 the liJllction and the symbol f denotes Cauci'l)"s 
prinCIpal value. The var lables rand 9 are as mdlcated in FIg. L 

The m~egral equatlon UJ has been sQlvec by flrSI dlscretillng the contour into 
N-unJlorm element .... The conveJ'lrional methDd oj momeJ'lts is then applied wIth N-pulse 
functIons defined at N-sampling points at the centres of 'the elements as teSTing functlons, 
[n dm liIay the Integral Equation IS reduced 1;0 the matrix equation 

u V '" H ••• (4) 
where V and I are column \lectors made up, re~pectl"ely, or tht> volta.ges and curreN densines 
at th!'! sampling P0trus. The element! 01 matrices U lI~d Hare [5] 
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IJ .. 
q 

1'1. 
I) 

I = I 

-k\\' k (2) ---n-'- (cos e - J -li-- ~ll'" 0) ~ 1 {\<fj i J. 

- '-U).Jed \JJ W 
·---2 - Ho (kr) i J j 

- ).ld\ll 
----~---- ( I -

kilo' 
(log -~-- - 1+ V}l i = : 

... m 

Due ~o the m-rold 5yfrm~try or th~ jUrl"-Lion, the valUEs of the variables r arid e arc repeale< 
e~ery n ::; N/m samplmg points so tha t 

(7) 

provided 
I< ( I +p n] and t = [ I'P I'" 1 (8) 

WI-ere p .~ ",fI m[eser i"lnd the brackets denote residue module N. Since the ma:rlx ele(')C'nls 
u and h are functions 01 rand 0 enl:; (e!;uallQ['IS Sand 61, \he~e elementS are periodIC In 

lil~ same manner as the independe,t variaiJlC'~ so that the malrl){ U, lor lflstaoce, h.'I< tho;, 
from 

U '" DClfe (U 1, U2' .. ' , U
m 

) · _ . (ID) 

(0 de"lotc: block ell culanls. AcccrdlrglJ. equation (I.) is rewritten as 

· •. {II} 

From this last equation :he impedance malr.x oC {he ec:u(VaJent N port is given by (2,J i 

• •• (12) 

I .. 
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lI.i1ere U- i denotes the inverse of the matrix U. When the circuiT "a5 but only 111 13 0 (r:,. 

then Z can readily be redut:ed to the correspanding m )( m terminal impedance matrix 
based on knowledge of ei ther the electriC or the mLlgnetic field di~trib~tion on :hc pon~. 
One u5ually adopted approximatIon is to a5sume that the magnetIC fIeld dl~trtbutlOn IS 
uniform and identICal with the lowes! order TEM stripline mode. The impedance matrix 
entries are then obtained [rom the elements of the Z matrix on the ba5is 01 an average 
electric field across the 5lriptines 0·3]. 

IV hen the j uncI i on ha5 no coupl i n g POrtS, the n 

det U = 0 ... (j)) 

gives the prDper lrequency lor which equation (j I) has a non-trivlal ~olution, that is the 
resonant Irequency of the planar structure. 

III. Solution 01 The Block~irculant Matrix Equation 

As readll y seen from the pre~ laus seCtiOn, the majority of the compmalional ellor t 
wiTh the COnlau, integral method is devoted to compu ting The entrIes of the ma trices U 
and H and to Im'~rting the <rJatriJ( U or solving equatIon (J I). The black circulant srructure 
of U and H for an m-fold symmetric juncttan reduces the number of matrix entries to be 
computed and stored by a factor of 11m. Further sa"in!; In compUliltion rime would be 
rea!;zed if the number of basic operations requlred La solve the block Circulant equatIon 
could be reduced. Indeed, thls is po'slble by mal([nt; u~e of the intimaTe connection of block­
circulanu wllh Fourier transforms. Thus, it is 1hown in the appendi~ hoW a block circulnnt 
is di agona! Ized usi 1'1 g d iscr!" t!" Four i er T r il nsf or m s so tha! equa tJ on (II) may be rr ans I armed 
into. 

(I"' () F ), diLl!; (A I' . . . ,fI ) (F () F ) V ~ C 
m n m m n • •• (J Ii) 

where C stands for the right side o( the oriRinal equation, F and Fare Founer matrices 
of order m and 1'1, respectively, and Odenole5 tensor or Kronck'J-r prOduncts. The lquare bloc:i<s 
A I' ••• , Am are derived from the corresponding blocks of the U matrix as lollows. Compute 

the!' 

B. ~ F U. F* :: (F (r- U.)·) 
) 1'1 Inn n I 

T 
(fl I ••• Am) == 

Next, the foJlol"lng substilutJOnl are made 

X ': (F e F ) V 
TTl n 

Y ::0 (F e F ) C 
m n 

Equation (14) then becomes 

or 

I, ... , I'll 

A X. '" Y. 
I I I 

i '" j, ... , m 

· •. (J ~ J 

• •• (16) 

(17) 

(I !!) 

• (J 9) 

• •• (20) 

where Xi and Y
i 

are ... cccors obtain~d by parrHlnlllg X and Y, respectively, into m subvectors 
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each of n elemen ts. The pOH~nllal Vi, cb ~ained by <olving the rr systems for X and ill~er'lil1g 
the- trLln.rormLl t Ion In e'luLI \ ,on (17). 

In this "":ty the original matrix equ:ttion (I I) of order mn degenerates into m seperale 
syHem~ e:lch 01 orrler n. The ..,hole process Cdn be programmed using only two squLlre arrays 
of dimen),on nxn. One oj these Llrrays IS used .lS IL'nrkll'g \parf' fer computing the U blec!., 
,--u,d Ihe oliler for storing the ~urrent A blorl<. 011 the other h~nd, .1 d,rect 50lution of equation 
(I I) would reqUire at least mn x mn memory spaces. 13cside this save in memory space, 
Ihe pres!.'n I techn 'que provides a signdic.:ln;: red'cKtion in computation time. Thus, it is shawn 
in Table I that the number 0/ multiply-add Operattcns reqUIred 10 Implement the proposed 

method IS of the order of mn J. comp"red with ",3 ,,3 operations tor soll/Ing the orrginal 
eQuation (J I) by cO;l\IentlOnal Ga.usslan e\'lm'[lation O! Grout-LP faCtorization. It is assumed 
that th~ DFT's involved are carried oul using /,!st transform algorithms instead of conyer lional 
matri x r.1U I tipl ica lion. This red'Jces the number of multiply-add operations required to trans-

2 
form a sequence of length n from n to n logz (n) [6}. 

By the lila y of IIIu5tration, we apiJlied the present method to the analySis of the 
planar Y'Junctiol' circulalor shewn In Fig. 10. The re~ults plotted in Fig. 2 have been obta,ned 
with a tctal of 48 nodes and are in good agreement wI:h th~ corresponding re.ults 01 relere-nce 
[41 The computed elements of the scal!errn~ matrrx 01 the jllnc:lOn arp tOllnn to satl.ly the 
UIlJlilry condition IC, w IlhiCl I percent. willeh indic.:l tes the accuracy of computations. The 
computation time te solve tht' problem, I.e. 10 delerm,ne Ihe SC"atlering anc 1051 parameters 
a( a specirlc Irequencv, is leSi than 2 min'Jte5 on an NCR-TOWER minicomputer. Perlorm,ng 
lhe Soame computJ\ ons, but u~ing Gaussian elimination algorithm to solve the system of 
Ionear eClU.lI ion<, I ~ 

Table I: Srep~ and <Jpproximale number of multiply-add operations for solving the block­
circulan t equa lion (I I l. 

Step 

Form m B blocks 
equa!inn (15) 

Form m A blocks 
equillion (16) 

TrLlnslorm the right-Side 
Y 0 (F m Gl F n) C 

Solve the SYltems 
A. X ~ Y. 

I I I 

i = I, .... , m 

Translorr.1 X co ob tuln V 
V '" (I" m 0 F n) .. x 

NOles 

2 mn FFT 

nm r F T o( sequencei 
of length m 

FFT o( m sequenee1 
of length n lollowed 
by n FFT's of sequ­
ence~ of leng!h m 

solucion by Crout-L P 
lac toriza lion 

2 ml' FFT 

Apprmimate nlmber of 
multIply-add operations 

2 
3mr log n 

2 
nm log (m) 

mn 'og (n) • nrr log (m) 

) 
mn 

2 
2 mn log (n) 

found (0 take 6.2 minutes on chI' same machine. This Indicate~ the save In computation 
Ii inC provldcd by Ihe presenl tecl1niquc. Howe-vcr, this ,.:11/1' i~ 10.IS IIt.li'1 would bo expected 
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from Tilhle I, ""hich compares only the Ilumbt:rs of arirhmetlc operations nece~sary 10 sol~e 
the system pf I Iflear equa tlOnS. The overall computation time i~cludes a15;) the time consumed 
in ~orming (he matrix elements and other computations. 

IV. CONCLUDING REMIIRKS 

Moment-me thad anal ~\IS of symme Iric micrOllia ve planar junctions is shollin to result 
in matrix equa [Ions with block clrcuian I structure. These malr ices are intlmale Iy re la ted 
to rourier ana Iy~;s: 1he elgen-vectors of the basic Circulant are the colLlmns of the dlscre! e 
Fourier Yr~ndo( n) molt rix. 

/\ ~j(\1d ... rll y \ r..l,,~l \x1I,ill iOI\ lor uLabOtlalizlllg black circulan LS hilS been pr6enrcd 
and Its imrlementa[lon using FF'T techniques has been demonstrated. When IOcorporated 
With the moment methoo • the proposed transform provides great economy in computation 
time Wllich adds to the memory-space saving distinguishing block Circulant!. ThiS lIme ~a~lng 
would be parlicul."\rly LI"'(ut when tnc .olution is "er.iled in order, for instance, 10 determine 
the re50nant frequency 01 a planar resonator or Ihe optimum Circuit pattern 01 a ~ymnetr\c 
planar strucrure [7J, 

The present tecllllique for Ille mallipula tion of block c ircui<lnts .s readily appl.cable 
in other electromagnetic lield proble~s in~ol~lng m-Iold ~)lmmelr\c ~tnJctu(es aI)al~sed ~y 
moment m~(hods, 

APPENDIX: l)iil~ollilli.7.ation of Circulall\!o and lliock - Circulants 

In Ih I~ ..Jppendlx we develop simi lari Ly trans!orma tlons lor dlagonalizlng clfculaflt 
and) lock-e;rculan I ma trices we begin by introcuc ing some basic definl tions. 

Ltc II no tlon 111, I r 1\ ullcl li are, re5pecti ve I y, Illxn and pxq 'na Ir Ices, the Kroncker or tensor 
product of A <In d 13 15 the m p x nq rna!rl x. 

;} 12 l\ 

(A I) 

Del in it ion 02: The b'ls ic CLrcu Jam Pn is :he ~f1uilre ma lflX 01 order n dellrled by 

0 0 

: ·1 

P circ (a, I, 0 , •• , 0) a rl (Al) 
n 

0 a 0 

II u readily seen that P IS a permUTation malll)!: in the sense thaI posy-multiplICatIon 
of an ilrbltrary matri~ A by P amounts to il "ght-~hjf I 01 Ihe columns of A '.vhile pre-mul t plI­
ca lion of A by P amoUl'IlS to an upward sr.i! I 01 the rows 01 A. It fol lows that 

f>2 ~ \' )( I' - cre (O,~, (, 0, ' • " 01 

p3 eirc (0, ), 0, I, • & ~, 0) 

(A3) 

pn Clrc (I, 0, 0, 0) I 
n 
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w here I is the iaen lIl, (unl tl , ..... ." x 01 u. ~.. d. i." 5 I ;,Sl I<:~~U II expressc ~ the lac t th4 t 
repeateS muhiplicatioo of A by P n lirr.es maps A into itself. 

Definition D3 By the Fourier rl4trlX of order 1'1 l~ meant the matri)t F :: 

I 

w2 1'1-1 
N ..., 

F· I ~? 4 21'1-2 ., ~ n ;n 

w 1'1-1 
~ 

2(1'1-1 ) W (1'1-1 )(1'1-1) 

the star means conjubale-tr;]n5pO~e 

and I, w, ... , \I. n-J are the n primitive roots of unity. Since w
n 

",ri !ten alternatively as 

2 1-1 
w w w 

r' "2 I, 11-2 
\Y IV I.; 

n j'7; 
1'1-1 11-2 

w w IV 

BOlli F and p. are ~ymme (ric and II (411 be easdy C\l.:J':l!,sh<:d tha! 

F F" = I 
n 

or 

F where 
n 

(A4) 

{A ~.I 

(AG) 

",here Ike bll' denoles compleJo: conjugate. From the dellnition of F lit fol,ows \r.a t " 

Z = (Z\. Z2' ... , Zn)T IS a ~eq\lence of complex nu:-:obers, then Z = FZ is the uS\lal d,screle 

FouriCr transform of Z. 

The follOWing lheorem es;ablishes the relation betw~n the baSIC circulalt and 
ocher c:rculanu or block-circuiants. 

Theorem Tl Let A jC block-drcul:llH 
A:: bClrc (AI' A",,' ,A,n) 

where the A~s are square matrices of order n. Th~n 

rr-I 

A 
(AI ) 

Proal From definitions Dl and 02 and equJ(ion~ AJ, 
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= 

o 

G 

G 

o 

o 
o 

o 

o 

The theorem fnllows by ~ummlng up lilt! aboJe e.quatlC>I'\S. In !h~ speCIal ca!.e-'J.lheC\ ,he Aks 
are OrCIf1ar), scalers, A is 2. circulant and the theorem reduce! to 

m-I 

r: 3
k

_\ pI. 
k.1 m 

(All) 

NeJt:t we pro~e Ihe lollollilng theorem cO:'lcernlng Ihe (liagoneliz!tlol) 01 the b<!~I(, 
circulam P. 

P t='- W F 
n n n 11 (A9) 

where W" is the diagonal ma£rix of order n defined by 

(A 10) 

~ The t:\ecrem ("1\1'\ he proll<:!d o~ <:valL(iHu\~ the mamx product P'WF Io[Jow~ng the 
rules of conventional matrlt multlpl!cation. Another approach, which will make clear [ne 
relation between the baSIC <lr("ulanl P and the Fourier m.Hrlll F, IS to conSider Ihe elge('lVaIJe 
problem associated with p ••• ClImel)' 

p p," .. t P (A I !1 
I I I 

Multiplying both Sides by P (0-1) times and uSing (A), it lS readlly 5een ThaI 

pn p : Ip 'A p or ;f :d 
The solUllon oj [h,S last equation IS A~ 1,"' •... , ",n-J, In ot~f "'\.lrd~, tl'li! eIgenvalues 
of P afe the diagorat eiements ot W 50 th,H 

[t 
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The elll:en\lcctor~ are eb Ldintotl by ~ulvi"g the clgenv.:\IIJc equ .. tion (A 1 I \. It is easi Iy ~een 
that 

A ~2 An-I T 
Pj = (I, i' i····· i ) (A 13) 

where the fir~t component has been arbitrarily set equal to unity as the 'i.lgenval~es are 
always determined up to a con~\ant multLplier. SubStltutin& .: I,w, .•• \\In- , re5peclillcly, 
\We 5ee that the eigenvectors of P are the col'Jmns of the Fou~ier matrl)( F*, or 

" F~ (A 14) 

Combinlll!; the C'lgcnvillue equilllol\S (1\ I I) [or all elgcrwa Ilics a:lu corrcs')onolllg 
e'l!ie"~eclon of the mat"" P in a single mal"" <'qual;on, \We get 

or, uS II'S (A12) and (A 141 

Premultiplying by F and using (,\6) \We see Iha! lhe basic circulant r IS diageon;:!iLzcd by 
the lollO\\ling simllanTY translormario[l 

'., '. (1\ (6) 

and the theorem jollo\V~. We now make use of this t.1eorem and the relatIon be !I.een the 
basic circulanl and block circula~[ InaTrlCC5 e~tabllsheo In theoren T I 10 develop a similarity 
tran~lormalion for dla,l;onilll7.inf. lh('~e l:ltiC'r IIhltrJl"C'" The result is qarcd JIl Ihe 101lc\WlI1h 
theorem. 

Theorem T3 H 1\ IS an arbi tr.lry block circulan L made up 01 m basic blocks of order n, 
then there are m square matrice1 .vi I' Mm of order n ~uch tl'l~t 

A = beirc (A I' •.. , Am) 

= (F f) F )* diag (1\1 I' . , . J .\\ ) (F e F ) 
m n m m n 

(A 17) 

Proof From theorem T 1 we have 

A (A I g) 

But from theorem T:2 and IdentL tiCS (A6), i I follows tllat 

~ 
Pm B I\k~ I (1\ (9) 

* Le ttll'l& Bk = F n Ak ,) 

ILlle above becomes 

F Il and u~ing tl1e lensor product idel\Tity UX e VY =- (U e V) (X e y), the 
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(F* ClF")(WKClG
k

) (f 0F) m n m n 
There-fore. III-I .. 

"'" (Fm 0 f nl ( 

Now, by an explicit comp\Jratjon, it is s<"el"l trom :hc definHivf1 d W that 

m-I 
L: "',11<.0 1\ = d,ag (1,,11' M" ...• M,) 
k~D 

where 

rhus 

and the theorem is pro"ed. 

(A20) 

(A21) 

(A22) 

(J1,B} 

\I n : " the blocK clfculanl df'geflerates Into an ordinary circulant, and frorr (A2H 
we 5ee that a circulant of ordt>r m may be rep"',·5e:'lfetl as 

~\ 
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