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biological systems.

Abstract: The general equation of fractional reaction-diffusion windswept to an
external force expressed as a velocity term suggested to explain the mechanism of
transportation in complex systems with time-space variance. This work uses the Caputo
derivation form to derive and solve the generalized fractional reaction-diffusion
equation in Mittage-Leffler and H-Fox functions. The solution used to present some
explanation of the anomalous diffusion phenomena in some disordered systems. For
example, there is a sturdy index to show that for a system with doubled trappings,
factional calculus provides some physical view of fractional dynamics like diffusion in
the dendritic spine of the nervous system as an example of the diffusion process in
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equation
1.Introduction

Diffusion is a passive transport process that
results in a net movement of particles without
requiring bulk motion, from higher to lower
concentrations. It exists in all states of matter
on various time and space scales, which
characterizes many physical, chemical, and
biological phenomena, based on Fick's laws, or
by taking into account a microscopic point of
view in terms of the erratic motion of the
suspended particles [1]. Diffusion can be
described in terms of the mean-squared
displacement (MSD) of the particle spreading

(x*)0t , where x is the distance a particle

moved in time t, which is known as normal
diffusion (Brownian or Fickian). The standard
normal diffusion described by the Gaussian
distribution can be obtained from the usual
Fokker-Planck equation with a constant
diffusion coefficient and zero drift [2].

However, the disparity between anomalous
diffusion and normal diffusion in terms of
variance indicates a nonlinear increase in time

() (1

For this case, the MSD can be classified via
anomalous diffusion exponent; the exponent y

can be either subdiffusion for O<y <1 or
super diffusion for »>1 . In recent decades,

the anomalous diffusion has been extensively
studied in a variety of physical applications,
e.g., the fluids transport in porous media [3],
surface growth [4], numerical solution of the
time-fractional reaction-advection diffusion
equation in porous media [5], and the biological
population’s spatial diffusion [6].

A lot of examples can be found in Refs.
[7,8]. To study the anomalous diffusion
applications, the conventional Fokker-Planck
equation has been used. The standard Fokker-
Planck equation, for example, may result in
anomalous diffusion but with a variable
diffusion coefficient. [9,10]. It is also achieved
by subsuming nonlinear terms in the diffusion
section or external forces [11,12,13]. However,
several approaches to studying anomalous
diffusion and the associated phenomena have
focused on fractional equations [14,15]. Such
interest in the absence and existence of external
velocity or force fields has been extensively
shown to be a compatible instrument for
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explaining anomalous

[8,16,17].

Recently, the anomalous transport
phenomenon on living biological cells have
been revealed on the mesoscopic scale
dynamics. Following the recent high-detailed
simulation, this abnormal behavior found in
living cells and the environments of artificially
crowded regulation operates in the form
described in Ref. [7,18].

Moreover, there is a swelling interest in
studying the anomalous diffusion equation
using fractional calculus, e.g., Elwakil et al.
[19] have given a derivation for the fractional
space-time diffusion equation using the comb-
like structure as a draft model obtaining the
solution for three different interesting cases.
Zahran [20] described the equation with an
integrodifferential form, defining the fractional
reaction-diffusion equation's derivation in the
general form concerning time and space
operators instead of the first-order derivative
the Riemann-Liouville derivative of fractional
orders shall contain. Schot et al. [21] found the
solutions of a generalized diffusion equation
that contains space-time fractional derivatives
by taking an absorbent (or source) term and a
linear external force into account. They were
expressed in terms of the Fox H-function, and
for some special cases, they are directly related
to the Lévy distributions.

As a matter of fact, the ad-hoc representation
of fractional operators should be carried with
care.  Therefore, this phenomenological
approach of this type of differential equations
should be solidly justified. Hence, this work
suppresses the derivation and solution of the
generalized fractional reaction convection
diffusion equation using Caputo time-derivative
of ordery and space fractional derivative of

orderq in a comb-like model. We have applied
the co-moving technique that has yielded the
general solution in the form of Mittage-Leffler
and H-Fox Function.

transport  processes

2. Fractional Reaction-Convection-Diffusion
Equation

The comb model consists of a backbone
along the horizontal axis and fingers or teeth
along the perpendicular direction [22] (see Fig.
(1) for a two-sided comb) [23]. To explain
anomalous transport in percolating clusters, a

comb model was implemented. [24,25] It was
considered a toy model for a porous medium
used for low-dimensional percolation cluster
exploration. [22,24]. The comb-like model has
been used many times to derive well-known
fractional differential equations, as fractional
diffusion equation with or without external
force. A matrix of diffusion coefficients
describes the comb's geometry, which means
that the displacement in the x-direction is
possible only along the structure axis, i.e., the
diffusion happened at [22]. Hence, the main
motive of this work is assuming the anomalous
diffusion along with the tooth of the structure.
One can obtain the generalized form of the
space-time  fractional  reaction-convection-
diffusion equation for the sake of completeness.
This model can describe the transfer of the
nerve signals in the dendritic spines, where the
signal particles may be trapped. The fingers of
the comb-like model cause the trapping effect.
Consequently, the diffusion in the y-direction
shall be considered in the convection term as it
should be added to the x-direction diffusion

fingers

backbone

Fig.1. Two-sided comb-like model.

In terms of the probability density function
P(x,y,t) , let the x-component of the currentJ
along the backbone is given by

J, =8| y)| v x) P -‘t'-.J'-.i’l'—DQ%PI X J'—.i’l'-l
@ e
Moreover, the corresponding y-component
of the current, along with fingers (where the
trapping may occur), has the form

J, :—D[r]%P[x:;-:r]
- (3)
The diffusion coefficient D(t) is believed to

be a time-dependent quantity. From the
continuity equation that follows
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g Plx,y ) +V-J==6(y)w(x.y.t)
o @

Where (X, y,t) corresponds to the
reaction term. By using eq. (2),(3)and (4), one
shall get
Vix)Ty)

JtD,

vE(xy)=

- ot r e = 1
é & o il 8 8 |
—=Difl— [Plxnti=d8 D — A x:.'l':rl—Tl:v- x| Bxnd) |—wixndl;
&t & | T & ]

(5)
D £ Pl n.;r:r]——c vix)P(x, v.t) |=@x, 3.1
[=2 a_llp: \ E I, a‘r[ \ I, \ E ] \ E . I,

with o = x+1 . Assuming (6)

F—Dm
cr

C
C

::|P1 x .t =4 .1'?[:’;1 b U4 B T U I':I
(7)

The effective diffusion coefficient is
believed to be D(t), that has the explicit time

dependency as follows: [26], with the
coefficient D,

D(t)=D,g" "

with the exponentf that represents the
diffusion type along with the structure of the
comb. 0< g <1 Is sub-diffusion that describes

a diffusion process slower than normal
diffusion. 1< <2 Is super-diffusion, a form
of diffusion that is faster than normal diffusion.
Diffusion in fingers is a fractional Brownian
motion operated by the effective Fokker-Plank
equation, and diffusion in the backbone is a
time fractal process with a memory kernel. For
that reason, the Green function associated with
the homogeneous part of the equation. (7)

impact by the initial condition G(y,0)=5(y)
of has the form

1 —3?
Gly.t)= e;xp|: - :|
J;rDlr”"l 4D

c

- P .. _= |— .. _= |
P (¥.5 )W (x5
(9)
The general solution for equation (5) can be
defined through the integration over the source

term and for the different parameter values
t=t-t' as

sP(x,5)—5""'6(x)=D,

PG0,0) = [ 60y =yt = ) [60/) {Pu P01 ) = o ()P 0]

- u(x v, o)) ayae]

(10)

incorporating equation (9) into equation before

integration over y (i.e., along with the principal

channel), the closed equation for the

concentration of the particles along the main

channel [27] is given by

P;x:r':”ﬂ"iﬂf‘ﬁ_ﬁ‘p;IJ'I_E[V*;x”?"P;x:r"]_w;x:F'I'.
(11)

under the following circumstance in terms of
Gamma function

F( 7) (12)
where the Caputo derivative , D/ is defined

as
D'F(f\=—— [(t=t"V""F(t"ds'
oD, F (1) r[”_a]_il Ity
. ['ﬂp=‘-1,5' | o [ﬂp=‘_1;' CZ'|
Hy| =) T sy 2 T
(5,.8) | « (5,.B, /)

(13)
It is clear here that due to the random walk
particle trapping along the y-direction, the
fractional-order integration occurs. When the
fractional derivative of Caputo is applied on

both sides, it produces
—P(xt)=D Plat)——| v(x)p(xt) |—wixt)
> Plxt) =D, —— Plxt)=—[vx)p(xt) |-w(x)

C G. & (14)

T ]

d

3. Analytical Solution of The Fractional
Diffusion Problem

Taking the special case that D, =D, and

V (x)=V, the fractional reaction advection-

diffusion equation can be studied if we convert
the transport analysis from an external observer
reference frame to a co-moving frame, as
(15)
At the origin t=0, we consider a point
source so that the initial condition is given by
P(x,0)=5(x) . Taking the Laplace transform
of equation (15) gives
(16)
We suppress the imaginary unit in Fourier
space [8] as
F (D, F(x)}=— F(x)

Mans J Physics.Vol(36),2021
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(17)
Then, equation (16) will have the from
s _ wlks)
s'+D, F’Crt s'+D, Fcrt

plk.s)=

(18)
Taking the inverse Laplace and inverse
Fourier to the above equation, respectively, will
give the whole solution. Accordingly, the
general solution of the probability density
function [28] can be expressed as

Plx:r:-=f Glx—x"¢)ak'

[ (=t [ wlx)G, (x—x" - ) 't
N " (29)

where,

E,(-D,

G(x.t)= %T [“; exp ( —ikx) K¢ | dk

(20)

tl—ﬁﬂJ

(21)
where H-function is defined by
(22)
Taking the inverse cosine Fourier transform
of the Fox H—function in the form [28]
(23)
Consequently, in terms of the Fox H—
function, we get the analytical solution of the

= .., )
_[i"" Cos|{ &) H, | ar of =
] (&,.8,)
_ w1728 (52.4)
%H-: = | s -
a Ml+p p
(2. k) (1—a..A.}) | 53 )

space-time fractional advection-reaction
diffusion equation, as

R |x—T?'| ;151 u.ri-.il.;' ;.x:-. ;1:1.21-
=t DsE L) (Ll e) (L1732 |
(24)
and
1 [ ]
=2—[ Do 7 |k
(25)

whose form can express in terms of Fox H—
function, as
b{11/2)
(L1/2)

1 H|: |x—*_yf|
pr—vtjee | DLFE
(26)

G1 (x,t) and G, (x,t) Can give the general

Llfe) {3/

Glxif=
- (L1} (L1 ex)

solution of the probability density function in
terms of H-Fox Function.

4. Conclusion

We have derived and analyzed the fractional
reaction convection diffusion equation with
Caputo time-derivative of the order and space
fractional derivative of the order in a comb-like
model. The random walker diffuses along the
x-axis, and on the y-axis, the trapping events
occur. The diffusion along the x-direction is a
process of fractal time that showed a mean-

squared displacement<x2>Dt7 with Delta
function's initial condition P(x,0)=J(x)

Moreover, the y-direction diffusion is given by
mean-squared displacement(y*)[1t” , with

order # related to order y (see equation (12).

The main point here is the direct link between
the integrated fractional operators and the
random disappearances or trappings along with
the structural fingers. Also, we have introduced
the co-moving technique in which the Laplace-
Fourier technique can be applied to the
resulting equation to give the solution in the
form of Fox H-Function to get the solution
described by the equation (19) — equation (26).
The studied model can describe some
biophysical systems with trapping phenomena
like the diffusion in the dendritic spine of
neurons.
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