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ABSTRACT

Six nonlinear moments equations are
used to replace the Boltzman equation de-
seribing the free flow of a rarefied gas
between two fized coaxial eylinders. The
moments equations with the convenient
boundary conditions-concerning heat tra-
nsfer, porosity and reflection at  the
surfaces-are solved using small paramet-
ers method. The behaviour of the veloc-
tty, the density and the temperature is
discussed,
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I- INTRODUCTION:

The motion of a rarefied gas between two coaxial cylinders one figed
and the other rotates with. constant angular veloéity was studied by
Galkin (1965) using the moments method for obtaining suitable solution
for any Knudsen number. The heat transfer from a rarefied electron gas
between two coaxial cylinders was investigated by Khidr and Abader(1976)
this study revealed that, as the distance between the two cylinders
decreases the rarefaction becomes mpre apparent, and at any degree of
rarefaction there exists a minimum value for the density between the two
cylinders. Abdel-Gaid and Khidr (1979) studied the problem of flow over
a right circular cylinder-within the framework of the kinetic theory of
bases-under constant electric field in the radial direction.The moments
equations were solved by the small parameter method. The obtained solut-

ion showed that the behaviour of flow speed depends on those forces at
‘infinity and was ineffective near the cylinder. Hady (1976) studied the
motior of a rarefied gas between two coaxial circular porous cylinders,
the inner is fixed while the outer is rotating with constant angular
velocity, and the gas is of arbitrary degree of rarefaction. He consider-
ed the case, when the temperature difference between the two cylinders
was small and the normal velocity to the porous su‘rface was equal to

a constant value.

In the present paper we consider the motion of a rarefied gas bet-
ween two coaxial circular porous cylinders, the inner and the outer are
fixed. The density and temperature are assumed to vary as the distance

varies from the axis.

We adopt the case mhén the temperature difference between the

cylinders is small and the accomodation coefficient € is arbitrary.

II- THEORETICAL PREDICTIONS:

Considering a’ steady situation and free molecular flow, then the
distribution Function may be obtained from Boltgmann equation incylindr-

ical coordinates.
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Free cylindrical Couette flow of a rarefied GAS with heat..

1 of of _
C —+CG(? 5(5)*-[:27—0’ . . : [1]

where, f = f (r,C) is the distribution function.
It is assumed that the distribution function of the molecules reflected
from any surface with Maxwellian distribution differs from the density,

Velocity and temperature of that surface.
>

Multiplying equation [1] by any arbitrary function ¢i = ¢i(C) we

get:
d > > a(bi > ad)i >
2 —— 2 -
= [vr S d)iCerC]— J c@r’ 3. dC + f C.Cof 3T, dCc = 0, [2]
where Cr = Cn sin Y Iz CG = Cn cos ¥ .
For any quantity ¢i we have
-)-H_aoo [=+] 2H+aoo oo_
¢i = f ¢ifdc=f ) ¢iF1CnandCZdW+I i) f¢if§CnandCZd‘¥‘, (3]
¢ g— @ II~a gm0
where,
m Vi 2 /95
Fy= (1ot ) e C/R/T g cycn- g,
(2HRT1)3/2 RT, "r
. y [4]
_ N2 2 .2
F= 75 (1 + 7o C,) e C*/2RT2, 1o <y < 21 + a,
(21RT,) 2

cos @ = R,/r.
. ".,
V; and V, are the suction velocities out of the cylinders.

The six unknowns nj;,n,,T;,T,,V; and V, are considered functions of

the radial distance.

Hence, we have
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1 "R
= ﬁ'[// > cosa (h, VT - ny VTz) +

r

2H[(H—2a+sin 2a) myVy+(M+20-sin 20)maVz 1}

+

{gﬁ [(M-2a+ sin 2a) m Ty+(+20-sin 20)na T2 ) +

__‘
it
J[-

+/ gﬁ(S cos a- cosia)(mV, VTr-naVy VT3))

where, n is the density, Vr is the mean velocity and T is the tempera-

ture.
. - -2 (2 (2 2 N
For ¢; tekes the values 1,C,,C%C00Ch and €_Cq equation [2] gives:

3/2

_nzTZS/Z]cos o+ ! {(M-20+sin 2a)n Vi+([[+2a=8in 2a)n2V2}

[ﬂ1T1
v 2IIR

= Yl/r.v

where, v, 1is arbitrafy,
%; {[(M-2a+sin 2a)n, T,+(M+20-sin 20)n,T,] +

Imr—— y 1 i Or
+ //%ﬂ[(3 cos a-cos’a)(n;V;T1%-naV,aTE) 11+ i”g%gﬂzg[ﬂlTl“”2T2]

——ne

. ] !
+ % /AZ%H[(j cos q-2 cos3a)(n1V1Tf—n2V2Té)] = 0,

3/2 3/2]

(T, -ﬂsz’ cosa+ S ((M=2a+sin 2a)n V T+

4 v2IR

+(M+20-5in 20)MaV,Ta}= Yo/ T,
where Yy, is an arbitrary constant,

sindq
2

g;{[(3cosd-cos3a)(an?/z-nzTg/z)]+ -lm[(3n—6d+451n2a-

)MV, Ty
v2IIR .

51n3a)n2U2T2]}+ %[(SCosa—Zcosaa)(an?/z—nzTg/z)]

+(3+Ba-~bsin2a+
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Free cylindrical Couette flow of a rarefied GAS with heat..

-1
v 2IIR
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+ &
r

[(M-20+2 sin 2a--% sin 4a)n Vi T+

+ (4202 sin 20 + 3 sin 4a)n;VzT2] = 0, [8]

Cos3a(n1T?/2—n2T§/2) . [(n-20+ §i§—ﬁg)n1V1T1+
" v 2IIR

+ (M+2a- Ei%.ﬁg)”zvaz] =.Y3/1‘3 ’

Y; is an arbitrary constant.

and

& ([(n-20+ 380,72 4 (420 2040, 77)

+ 8, -2 (5 cosia- 3 cosa) (m Vs T3/ 2-n, U, T3/ 2) Ty o

" 2(51!’1 40’.; 2 sin 20.) [an%‘néTg] + '

N
=~
mlm:
=

[(5 cos®a--4 cos%ﬁ(nlvlT?/Z—n2V2Tg/2)]= o. [10]

The boundary cecnditions on f leads to the following conditions in the

case when the reflection coefficient is arbitrary.

fl(Rl) = (1—5) ["fz(Rz)] + Efsl ’

f2(R,)

(1-e) [-FL(R)] + ef .

where, n )

s1 a -C /ZRTS
fe, == 75 (1 +z==—C)e !
S (ZHRTS )3/2 RTSl I
1

n

S2 . :
Sy | L. \3/2 T+ gg—Ce ’
2 (Z2NRT_ ) T

S2
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. e
(HFZal)ﬂz(Ra)Tz(Hz)- 4¢/ Elil COSG1 nz(Rz)Vz(Rz) VT;lR )}

I\J (N
{30

{=

, R '
=(1-g){ %% (n+2al)nl(Rl)T1(R1)+d o7 FOS0) ”1(R1)V1(R1)Vixzﬂ1)} +
+ E{éﬁ (I+2¢ )‘n T - a?/ji: cosa; N a vT_ )} [16]
21 ! S2 S 20 i ! Sa S2 ’

umere,r1'=rg, T2= T», F = T (14+x). and Ri» R, are thevradii of
inner and outer cylinders and T is the temperature of the outer cylin-
der. The inner cyllnder was ron51dered fixed and its temperature diff-
ers from the temperature of the outer cylinder by X Ts' The quantity X

is taken small, so that we can neglect its square.

If;we take in nondimensional form the quantities

Vi = V] a oV, =V, =N, N N =n, n
1 1 8, 2 2 3, ni 1 Ng» s 2 Ng
Ry
A \ LY
r =rR Ty = T,T T, = T,T osq =
2 . 1 1 s’ 2 2 s E) c (o] r\Rz
R, v
= = cos =1 =0 osq, =
g Rz ’ 0 Qﬁo y (10 ’ cosa, q

Ihe system of equations [5]-[{16] in nondimensional form after dropping

the prims will be

! 1

[nT2-n,T2]+ n[(H-2a+sin2a)n1V1+(H+2a—sin2a)nzvz] T = Yy, [17]
d . B1(3r -q ) t
ar {[(H-2a+sin2a)n1T1+(H+2a—sin2a)n2T2] ————;———~—(n1v T3-n,V,T32 )}
. 81
4
# SRR (0, Ty, Ty)s — L3590 (g rd i, 1 ). 0, [18]

[ﬂ1T§/2-nzT3/z]+ %ﬂ {(H—Za#sinZa)nlvlT1+(H+2a—siq2a)n2V2T2}r=y2, [19]

.22 ‘
g; ([iﬁzz?g—l(an?/z—nzT3/2)]+n[(3H-8a+asin2a - 51gaa)nlv T, +
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) -+ -+ -+
By multiplying the last two equations by dC, C_dC and C2dC respectively

and integrating, we get:

[ /IR (-2 )+4TIR - h (f) (Ry)
- + 0s o Il =
(1-e)[- V2IR® (I-2a_)-4lR Va (Fe) ] na(R2)
= - - - - 8 q, :
€ ac co g — N2 {R2
el /2nR3(n-2a;) + 4R cos o —;%E; ] g, » [(11]
8y .

o Vi (R3)

[ /2R (M+2a, )~4MR cos @, T ] ra(Ra) =
/ | | V1 (R, )

=(1-¢){- V2IRT(M+ 2a;) + 4IIR cos a, TR ] mi(Ry) +

+ el VIRT(1+2a, ) -41R cos o, A ng i : [12]

T
S2

[2HR2COSQOF\1'(R1 ) 14 Tl Z Rl 5—4’ v ZTHR’:(HEZQQ#ﬁiﬂZQQ)ﬂl (R; )V1 (Rl ) ]=

| =(1-€)[-2HR;;osaéﬁz(Ro) VT2(Ry )= /Eﬁﬁ’(n-2a0+sin2ao)nz(nz)vz(Rz)]

: +s[2HR2cosu ng /T__+ V2R (N-2¢ +sin2a0)a nsl]’, [13]
{2HR2c05a1 n, R2 /T;(ﬁ;fi /?ﬁﬁT H+2a1~5Ln2a1)ﬂz(Rz}Vz(Rz)} =

=(1-g){-2MR3cosa,; ny (R, VT (Ry)+ /§ﬁﬁy(ﬂ+2a1-sin2a1)nl(Ri)Vl(R;)}

+ g{2NR?%cosq, nsz‘/T;;- V/2IR3 (NT+2a, -sin2a; )a nsz} , | [14]
{%%(n-z%)mml)T1<R1>'+a/§—} cosa my (R (Ry) /TT(RY)) =

=(1-e){ ZH(H -20, )na(R,) av/f”; cose, n2(R2)V V,(Ry) VTZKRz

. sy

+e{ ZH(H 2a )-ns T +4 Eﬁ cosa, ns1 Vi }, [15]
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3 2 2 C
+(3AM+Ba-4sin2o+ 512aa)'h2U2T2]} + ﬁéEETﬂ_l (n1T§/2-nzTg/2) +
¥ %ﬂ[(H—2a+25in2a-25ih4a)n1V1T1+(H+2a—251n2a+§sin4a)nszTz]=D, [20]
) . i.“_’_ ) i . Ys .‘
%7{n1T§/2—nzTg/2]+n[(H+2a+ 21000 ny Uy T+ (Tl420- S109) 0,0, Te 1= o [21]
g;{[(H—2a+ésin4a)n1Tf+(ﬂ+2a-§sin&a)nzT§] ¥
88,a" 2 3/2 3/2 2(sin4a-2sin2a) 2 2
s (5r2-3g% ) (M Uy T/ “=naVaT2" %) + . [mTi-n, T3] +
24B,9° A ; .
¢ 52 (st eg? ) (T 2engua 1)) < 0, [22]
where, n=————4-a——-—’ By = /-R—?—-aq.
q 1/2IIRTS s

Under the boundary conditions

Vy(g) V(1)
1+4 -———-——-4]n1 = (1= -1=-4. 2(1) 1 —ﬂ]s [23]
[1+ang — %é),_(v e)l ule! 7 In +e[1+ =
V2(1') . . VI(Q)
[(T+ 20)-28; ——=]n3(1)=(1-)[-(M+2a; )+28; ———]m:(a)+
o /T, (1) /T, (a) :
+[ (420, )-281 1, [24]
[y ()T TaTllanm (@)V, (@) 1=(1-2) [=nz (1 VT3 (T lan, (1)V5 (1) J+
+[V1+X + Tlan], [25]
[n2(1)/ﬂ(1)—n(H+2a1—sin2a1)n2(1)V2(1)]=(1-s)[—h1(q)vT1(q5+
+ n(I+20, -sin20, )n (q)V; (q) J+e[1-n(l+201 -sin201) ], [26]

[% nl(q)Tx(q)¥4nq ny (@)1 (a)vTi(a) )=
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- =(1-§)'[- 3 nmfn;n')-ana nz(1)vz(i)m ‘

+e[§<ﬁ+x)+anq/m1, - | N C ]
[ 3 (H+2a1)nz(1).T:(i)-'aq’nnz(i)vzu) ST -

=(1-e) (- 3 (e2ay)my (qu(qqunm(q,\,l_(q) /TREF# |

‘e {% (n+2a1);&q2n}; | | .l i o o y _.[28].
Equations [17]-(22] are nonlinear, X is small,

Now, we discuss the Foilowing two cases:

0

Case 1: If V; =V, =
In this caée, we put.
ny =14+ X n1(1)’ ' ,v ng =1 + X_n2(1)
n=texn, g =1+ x ),
and vy =1 + X y;(1). |

On substituting these values in equations [17],{18],[20] and [22]equat-
ing the coefficients of X on both sides in the resulting equations, we

gets

n1(1)+ ﬁTl(1)- nz(1)' §f2(1) = Y1(1) . 'v, [17]~
g; { [(H-2a+sip2a)(n£1)+f£1))+(ﬂ+2a-sin2Q)(n;1)+Tg1))]}
.+ 45in2a [n51>+T$1)éﬁg1)-T$1)]=D. | ' ‘ T [18]~

2 ¢ (3—1’;92—’ ({1, 3 {1 a1, 3 £y,
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P L) (o), 3 ({13 -0, [20]°

and

2 ((n-20 +ésin4a)§p§1)2T£1))+(H+2a- s sin&a)(ng1)+2Tg1))}‘+

. 2(51”““;255ﬁ2§)-[5§1)+ i {1 2ris 0 ' [22]‘

The above equations are valid under the following boundary conditions:

n{a) =0 L =0
' o [29]
i (a) = 22 PRIRICHRE o)

Fc’;r o is sufficier‘ftly_ small (a << 1), the solution of the syétem of

equations [1713018];(20] and [22] gives

n£1)= 3 {(‘:2é Y£1) + 2A1-A3) - *—'—rz—“— Az} , v (30]
: 2(3r%-q?)
ng”— 3 {‘(Zvﬁht.,-Aa:’% Yp) + S S A2} | (3]
‘ 2(3r%-q?)
- T§1)= 3 {(As-A;- Y£1)) + B R ’ ‘ [32]
” (3r%-g%)
and _
Tg” = %J(ng)‘vr‘\l*‘Aa)‘ — A2} [33]
: ‘ (3r2-q?)

where, A, A, and A; are the integration constants and can be determin-

ed by using the boundary conditions [29], where

A1 Ly o - {5-9*)(B+e)-6(2-€)(3-0%) ,
1 = 2 sy H1 =
4(2-€)(5-0%)
A, = 6(39%) A, = (1a-g)(s-qi)-1e(2-s)(3-q2)
(5-g%) 4(2-g)(5-9%)
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Case 2: 1In this case we assume that V is of order of the Mach number,

i.e.,

V. =My, coT =t x T (D)
1 ir 1 1 1
(2)
n, = 14Xn(1) Mn (2) s YL =1 + X yg1) + My, [34]
Y2 = M ygz), Y3 = M Y(Z), ie. M2 <1 and XM << 1.

For g is sufficiently small, then sin ¢ = s Q9 = 1,

On substituting these values in equations [17]-[22] and on boundary
conditions [23]-[28] and equating the coefficient of M on both sides of

the resulting equations we get:

(n{2)ag7(2)_ () A7)y, _wv, )= (2, [35]
= {n§2>+r£2’+n§2>n£2>}+%i —Lif‘” (V,_-v, )=0, [36]
(ni (2) §~£ )—ngz)— %T22)+ Egﬂ .r(v1r+v2r)= ygz) [37]
S () 2, 5L 10
N _q——“;z'” (n{2), 3r{2) o (2) 3r{2)y, 2 (Va v, ) ]=0, (3]
1 n(2), 3(2),2)_3(2) (2)
7=(ni + 571 =517 denni(v, Y2 ) = —}3— , [39]
%r- [(n£2)+2T£2)_ T(Z))+ I_’" (502-3) (v, V2 )} o+
248,
+ e [(Srz-l:)(vlr’~\!zr)] =0 [40]
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in the boundary conditions [41]-[46] and equating the terms free of q
on both sides and eguating the terms containing q on both sides, one
obtalns a system of ‘boundary condltlons. : :

If, we consider n§2), -(2) depend only on p and p? ’ then, C3=C3= 0O ..

The solution of the resulting system of ecuations gives:

(2)_ 233 (3))

I\)

0= 2 %? a§2)+-% o{2) |, =(2020}

2) Sg "))’

Cs= 0 | ' o, Cu=(238YS -5 s

om (517702 360(2) c§=;(ssvsv$2)a37§7Y 2,

2

ci= () - j§2)) . Ci=(ea y{2) - 455,(2),
Ci= 0 o o, ci=(106y$2) - ﬁgﬁ 2
C5=(3523 y(2)+3s37 W2, cg=saer 7(2)+37s3 {3,
(2) ... (2) (s : '

ci= i LuBbill ) et Qwizr’l-ssvﬁz’)

, o T |
IRt G- a0 W o GO G I

3= Hn y CH-" A n 1
o _370y$2) _723,(2) s s27y42)00/y(2)

- mn A S e i

where yﬁz), Ygz) _and‘ ,y§2) can be writted in the form

Y( ) B(Hn Bn< 1)+He:(3 8n)
! - 2(2-¢) (311-8) '

“(2) _192n(n-4)+5M(3-8n) -,
Yz 8(2-¢) (3M-8) -

(2) _ 18 (31-2) +Ne(3-6n)
¥ "2(2-¢) (301-8)
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The above equations arg:valid under the following boundary conditions:

"[n52)+3nv1r(q)1=(14é)[4n§2)(1)-Anvzr(1)]-e(2n), - | [41]
[nné"‘)(1')-261\1\2,_“(1'):]%('1‘-e)[-nn$2)<q>+zslv1r(q>, 2]
(1@t (@)1=0-0)(- (0§ 4182) rinvz (1)+e/2, (43]
[(n$D 44782 iy, _(1)1=01-e)(- (n(2)+2T(2))+ﬂnV1 (a3, [44]

(2 ({2478 sanv,_(a)1=(1-€)(- 3 (nf? )+T§2)) ~nv, (1) ]se(2n), (48]

and

[5 (n$24182) v, _(1)1=(1-€)(- 5 Nl (D)1 stny, (@1, 48]
Un.substituting r =1 - o , p? <

nSZ) = C;+ Cop+Csp? ™ . ngz)—C3+CqD+CeDZ,

12) - i+ cipecio’ , 183 =ciacipsciot,

Vi, = C1+ Cyp+Cep? s Vo =C7+C3p+Cep?

in equations [35]- [AU] by equating the terms free of p on both 51des,
equating the terms containing p on both sides and equating the terms
»contalnlng p? on both sides and by solving the resulting system of

equations, and on substituting ‘.
p = 0 ). p = 1-q

(2)

2 , ’ , ’?, .
ng )=C1+C2(1-Q)9 T =CL+C2(1’Q)’ V1r=C3+C2(1'Q)

”g2)= Cs» T, = C3 Vzr =C3y,
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then

n$2)=(7yg2)-1—25-7§2) yﬁz))+(2a2y(2) (2)) (3177Y(2)+3559Y(2))p

(2) -(238y%)- 1§9Y(2')) (3579Y(2)+3727y(2'))p2

Y3

H2)_ (D) (20, 50,2 455,020y o (352552 w3ma7 ))p

T2(2)=(19ay§2)- ﬁgéy(zz).)p+(3387y§2)+3753y(2))

Vlf'r%ﬁ“’?‘% (2)_114{2) )+(317 2 %Yg )o- (37UY(2)+723Y(2))p2} ,

d B
* V= {(w(z),ay(z ye(a1v$2)- 35v§2))p ez 220§y

For r=1-p, q=1, p3<< 1, the zeroth approximation of the density and_,‘

the temperature are

3Xa
n-1 + Al p

T=%[1+é(_§—>]’

and the first approximation of the density, mean velocity and the -

tempetrature are

-

, (2) (2)
=l %g 0 +M[%Y(12)+ %’5‘ Y§2)'— 8Y(32)) (2923y ;(13333\( ) . ]
'0‘1%[(7\(22)' 355— v$2 % Ygz))+(4Yg2)-32Y§2))p]; | : [47]

-0 () a-plenl (2 - 13 P 4P D) BiZon

Mg 38,02 Ygz))+(£1%z Yg.z,)-SYgz))D]‘ - [a8]

+ (3H ¥$2). 12 Yo 1, | - [49)

where n is the coefficient relatéd to the velocity through vthe pbrous

surface.
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CONCLUSION:

* The numericél-investigation to the above results are illustrated

in figures (1)-(4). The analysis of these results leads to:

(i) From Fig. (1), we see that the density decreases with the
increase of p (distance between the two cylinders) for constant n (co-
efficient related to velocity through the porous surface) and reflect-
ion coefficient € .

(ii) From Fig. (2), we see that the density decreases as p
increases for constant n and € , and it increases as n increases for .
constant p . ' '

(iii) The magnitude of velocity increases with the increase of p
for constant € and it increases with the increase of € for constant n
as it is seen from Fig. (3).

(iv) From Fig. (&) the temperature at any point between the two
cylinders increases as n increases for constant € and n , and it in-

creases as € increases for constant n .
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Fig., (2) Variation between density and distance p
for constant (€= 0.8),
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Fig, - (3) Variation between nvr and distance s for

constant ( n = 0.01),
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