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On Variational Inequalities and Their Application
to the Obstacle Problem.
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ABSTRALT

In this paper soma existence results for the solution to the so called variational
inequalities in real Banach space are established. Application of the established results to the
obstacle problem, the prototype of many other moving and free boundary problems, is studied.
We first investigate the case of an elastic string, then we extend our study in a natural way fo the
case of an elastic membrane stretched over a smogth obstacle.
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1. INTROOUCTION

in the last decade mathematicians tried 1o establish a modern as well as a generalized
approach to the classical problems of variatichal calculus. By so doing they have been able to
infroduce the interesting theory of variational inequalilies [6,7,11,12,14,125]. Since then, many
fesults conceming the existence uniqueness, smoothness and construction of solutions of
vanational inequaliities were intraduced with different types of proafs [7], [17].

In this paper we establish sorna existence results, with proofs, in the real Banach spaca
case. Extension of the established results to the case of complex Banach spaces is
straightforward. One of the main advanlages af this theory is that it enables us to deal with free
and moving boundary problerns quite easily. Those types of problems appear frequently in
physics. For example, the frictional and contact problems in fluid mechanics [8), the problems of
heat conduction [11], the problems of molecular diffusion, the problems of porous media [3], the
pioblems of incompressible hydromechanics [12], and many others.

In the present paper we restrict our attention to one problem anly, namely, the obstacle
problem. In fact this can be considered as a prototype of many other moving and free boundary
problems [12].

2. MOTIVATIONS AND DEFIMITION OF THE VARIATIONAL INEQUALITY

Let C'{a,b} denote the class of all continuously differentiable functions defined on the

closed interval [a.b] and suppose that { € C1 [a,b] be any given function. lt is clear that f attains

its minimum value at some point xg & {a,b] [18]. The point xg must satisfy any of the following
conditions:

(1} %o = a in this case ' {xp) > 0 and thus ' (x,) (x-%g) > O for all x € [a,b].
{2) %9 = ain this case ' (xg) < 0 and thus ' (xg) {x-xp} > 0 for il x € [a,b].
(3) % = ain this case { ' (xg) = 0 and thus ' (xg) (x-x%) = 0 for all x € {a,b].

Combining {1}, {2), and (3) we can state that, for the point x; € [a,b] at which the function f
altains its minimum value we have ' (%} {x-x} 2 O for all x € [a,b] . Extending the above
discussion 1o the n-dimensional case we can state the following: If K is a non empty closed and
convex subset Rt and { : K « R— R1is a C1 (K) function then f aftains its minimum at %5 € K.
For this point x; we have

grad f (x) . (x-xg) 2 0forali x e K.

Tha above two results motivate the following definition of {he variational inequaitty.

Definition 2.1

Let x be a reat Banach space, and let x" be its dual space. Suppose that K is a closed,
convex and non emply subsetof X, T: K< x — x" is in generai a given non-linear operator. if a
point xg e K exist such that

({Txq, x-xg) 20 forallx e K., {2.1)
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where { . , .} denotes the duality between elements in x and x" , then %y is called the solution of
the variational inequality (2.1} with respect ta K and T.

3. BASIC EXISTENCE THEQOREMS

In this section we introduce three main existence thearems for solutions of the varational
inequality {2.1) under different assumptions. To do so we start with the following well knawn
lemmas,

Lemma 3.4 {12) Let K be a convex, cormpact, non empty subset of a real Banach space x, and
let S: K x— x", be continuous, then there exists at least one solution x, € K. of the variational
inequality

[Sxo. x-xo] 20 foratx e K.

Befere starting the second lemma we give the fellowing twe definitions:

Definttion 3.1 The mapping T: K< X — X" is said to be manotone on K if

(Tx-Ty, x-y] 20forail x,ye K.

Definition 3.2 The mapping T: K « X = X" is said to be hemicontinuous on K if the sequence

{T(x+tay)} converges weakly to T(x) as t;— 0* . [20]

Lemma 3.2 (6] . Let X be a real reflexive Banach space (X" = X), K be a bounded, closed,
convex and non empty subset of X. Lel T. K x — x" be a monotone mapping such that its
restriction on K ~ M is continuous for each finite dimensional subspace M of X. Then an elemeant
Xoe Kexists o (Tx, xpx}20foraltx e K.

Theorem 3.,1. Let K be a closed, convex, and nor empty subset of a real reflexive Banach
space X and assume that T: K< X — X" be monotone and is such that its restriction on K ~ M
is continuous for each finite dimensional subspace M of X, Then there exists at least cne solution
of the vaniational inequality {2.1).

The proof of Theorem 3.1 follows immediately from the proof of the following thaorem.

Theorem 3.2 Let X and K be as in Theorem 1. Let T: K ¢ X — X'be monotone and
hemicontinuaus then there exists at 1east one solution X, & K for the varational inequalty {2.1).
Progf, Let M be any finite dimensional subspace of X and supposse, without loss of generality,
that 0 e K . Lot J: M— X be the injection map such that its adjoint J* maps X onto M*, Since M is
finife dimensional we may and shall identity M" with M. Then J"e¢ T2 J : M = M is continucus.
Pul Ky = K~ M . This is closed and convex, 0 ¢ Ky. Then by Lemma 3.1 there exists at least
one Xy £ Ky such that
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(FoTedxu x-xj20foralixe Ky

(Txpm, x-Xy)20forallxe Ky

Now, for each fixed x e K. we define
Syl = {xs K. (Ty, y-x)zo}

Sy} is clearly closed and convex subset cf the bounded set K nence it is weakly compact. The
theorem will be proved if we can prove that

A Slyy =@
rekK

To establish this resutt, it is encugh to prove that the femily (S(v). yeK} satisfies the finite
intersection property. Assume that xq, xg, . . ., X; =K and let M be the finite dimensional
subspace of x spanned by Xq, X2, . . .. Xm- Lat Ky = K~ M . Then py the first part of the proof
there exists at leat one Xy € Ky such that

Ty, y-x)2Gforallye Ky

sothat,
(T, x-xu) 20 fori=12,. ., m
m
~Xu€ M S{x) ie. the famiy (S{y), y € K} satisfies the finits intarsection property [20].
1

Thegrem 3.3 Let x be a reflexive Banach space, and let K be a closed convex, bounded, and
non emply subset of x. # T: K< X — X* is such that T | k  wm is continuous for every finite
dimensional subspace M of X, then lhere exists Xg e K such that (Txg , x-xp) 2 C for afl x € K and
only i there exists a number R > 0 and Xg € K |iXg]] < R, such that (Txg , x-xg) = 0 for all
x e Kr =KnB {0, R), where B( 0, R) is iha ball of ragius R centered at the origin.

Preof Let X be a solution of the variationial inequaiity (Txp , x-xp) 20 for all x ¢ K. Take R >
[IXoll. then it is clear that
(Txo , x-xgp) 2 0 for all x € Kg

Conversely, if there exists a2 number R and Xge K |[Xg|| < R suchthat (Txg , x-xgy2 Cfor ali x €
Kg, then given any x € K thera exists y = Kg such that y-xg = ¢ (y-xg) for some £ > 0. So that,
(Txa . y-XR) = {Txr, e (y-Xr)) = € (Txp.y-xr) 2 O foraily e K

Then,
(Txg , y-xp) =0forallye K.
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from the above results one can conclude the following existence results for the solution of
variational inequalities.

Coroltary 3.1

The existence of x3 € K such that {Txgx-xg)2 O for all x € K. follows if one of the
following conditions is satisfied:

(1) There exists y € K and R > |iy}| such that (Tx,y-X) < Oforall X e K, ||X{| > 0
(2) There exists y € K such that (Tx-Ty, x-y)||x-yl| = = 88 ||X]| = =, x € K
(30 Kand [Txx)/|{X|] = = as (X|| 2 =, xe K
4. APPLICATICN OF YARIATIONAL INEQUALITIES TO THE OBSTACLE PROBLEM
4.1 The Case of an Elastic String
Suppaose that AB is a piece of an elastic string which is displaced from the fine AB by an
obstacle Z=y({X) which is smooth both geometrically and mechanically [11], (see fig. (4.1)).
Suppose that tha unknown contact points of the string with the obstacle are denoted by A' and B'.
Assuming small dispiacements, the equation of the string is y=u(x) where,
d*u .
E =0 in AA', BB,
U=y inAB
with u{x) and du/dx heing continuous at the unknown points A' and B'. We notice that

dtu
d'rl

<0 inA, B,

(because the string is concave downward).

Figure (4.1)
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The above problemn can be reformulated in a simple way in the fixed domain AB as follows:

2

ol (U(x)-w(x})-(} xe{A.B}
with (4.1)

du(x)

itz

u-y 20, <0, on (A,B).

Now, if the contact points A' and B' were known the problem {4.1} would be equivalent to
minimizing the potential energy functionat:

] e

over the class of suitably smoath functions prescribed at A, A, B, and B'. Since we must have
that » 2 y in {A,B) we consider the sxpression

n 4 1
min_][——v-] dx
v | dx

where v is a smooth function but is only prescribed at A and B. It can be sasily shown that the set
of functions that minimize the integral

)il 1
J[ﬂil dx ,v>y
° dx
is a convex sel.

4.2 Formulation of the Obstacle Problem in Terms of Variational (nequality

012
Consider the Sobolev space W {I) [3] which is the closure of Co () in W(I) I=(A,B)

where

L2

W(I)= {ue I’ (IN|u,u € Z2{I),{[ull,, = (lu|} +||1"]13)")
and set

E={veW " (Dv(x)2y(x),A£ x < B,v(4)=v(B) =0}
Then our problem is equivatent to:

find u, € &k such that

2 B 2

(u', (x)) dx = mmj @ (x)) dx

A

L'—-—mh
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o2
If we define |I.|| on W (1) by

] 2
fuli= [[u* (xpex
A 2

then it is easy to see that ||.||, ||l are equivalent norms on W (1} {2].
Qur problem now reduces {o:
find u, € k such that

JullP-llugl P20 for all u € k.

0,1,
Cefine an inner product {.,.) In #{1) by

3
{u,v}=Iu'(x).v'(x)dr

and a real valued function F by

F() =|ltag + (1—)u)) = (tuy + (1= Dug tug +{(1—£)8y),0 St S Lu,u, € £,

Then the solution of our problem is eguivalent to:

Find u, € k such that dF{t)/dt}.,< O or equivalently {uy,u-uy) 20 for all u € k. This last problem

is a standard variational inequality (with T=I, the identity map). The existence of R&s solution
follows directly from corolfary 3.1 (3).

4.3 The Obstacle Problem for a Membrane

Let D denote the open bounded region in R? occupied by an undisturbed membrane
whase boundary 8 & D and let f be the pressure, u and ¥ be the transverse displacements of
the membrane and the ohstacle rgj:ectively. Let the comtact region in O be denoted by O, and lat
D be the region in D where there i3 no contact. Then, as in the case of the string problem we
have

—Vu=t in 0*
u=y in By
and we assume for simplicity that u=0 ond D.
From the physical conditions of the problem, we must have:

u=w, Vu=V yonr,
where I" is 1he free boundary separating D* and O,

Wae also have
g2y in D,
v —Vig=i in D,

where the last condition follows from the force balance when contact is maintained with a rigid
obsiacle.
Denoting the efastic strain energy for any displacement field v(x.y} by E(v) we get
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1 2
|| o¥ v
EM=1l{=]l —| +|=—| |- f.v)dxdy
=g 5] +3]

and let
K={veViv=0ond Dandvay inD},
where V is the set of displacement fields for which E(v) is finite.

Proceeding as in the case of the elaslic string, we see that the above problem is
equivalent tc solving the variational inequality

(ugv-uy) 20 for alt v € &,

where (.,.) is a suitable inner product in certain Sobolev space. The existence of this varational
inequality foflows directly from Corollary 3.1 (3).
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