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ABSTRACT 

This paper presents a new methodology to estimate the 

membership values for fuzzy sets. This methodology takes into account 

the experimental data which reflects the expert knowledge on the relative 

degree of belonging o\f the members to each other in the fuzzy sets. 

After that the methodology searches for the optimal membership values 

of the elements by implementing the linear programming model. An 

illustrative numerical example is given to point out the given 

methodology. 
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The theory of fuzzy sets (Zadeh El]) admits t h e  existence 

of a type of uncertainty due t o  vagueness ( e . ,  fuzziness j 

r a the r  than due t o  randomness alone, where c l a s s e s  of objec ts  

( l abe l s  of fuzzy s e t s  ) have gradual r a the r  t h a n  abrupt 

t r a n s i t i o n  from membership t o  non-membership. 

The philosophy of fuzzy sets can be summarized as" the  brarich 

which d e a l s  with the  hidden p a r m e t e r s  which car1 not  be 

described in  the  mdels account in  easy manner". 

Based on t h i s  concept, a membership values are used t o  

charac ter ize  t h e i r  fuzzy sets. there  values a r e  given by the  

decision maker, usual ly ,  which may lead t o  c r e a t e  another 

hidden information, shcmld be taken i n t o  account, and s o s~n.  

"This because of the  f a c t  which says t h a t  the  human being mind 

has no f u l l  irif ormat itm about the  p r o b l e m  domain although 

his/her advariced knowledge" . So t h a t  d i f f e r e n t  researchers 

d i rec ted  t h e i r  attent.i~x-I t o  f ind  out  more p r a c t i c a l  approaches 

which car1 be used f o r  t h i s  purpose. 

This  paper suggests a p r a c t i c a l  method based on the  exper t ' s  

knowledge t o  be ' k e d  i n  est imating the  membership v a h e s .  These 

values are derived f ronl judgment of human expert  about the  p a i r  

wises mior@ the  eienients of a fuzzy set .  A r e s u l t  p a i r  wise 

judgment matrix is processed by using the  Euclidean riorm t o  

aggregate each raw i n  t h i s  matrix. The s i g ~ i f i c a n t l y  of r e s u l t  

values a r e  mlibra.f:.ed- 1-)y implementing t h e  s t a t i s t i c a l  hypothes- 

is t o  decide the  acceptsnce o r  re jec t ion  of the  extracted 

exper t ' s  knowledge. A f i x r :  11.1-tat,, a l i nea r  pro$r;~xaiing problem is 

developed based clpot~ t h e  upper mid 'lower b u n &  of each 

estimated membership values t o  determine the  optimal membership 

values.  

The paper is organized a s  fvllc~ws: Section 2,  presents  fuzzy 

membership function concept and why does it consider 

i l l - s t ruc tu red .  Secticm 3, i t i trrduces the  suggested approa.ch 

arid its theore t i ca l  Ga3S.s. I t  poin ts  out. t he  miriimizatiun of 

devia t ions  between t h e  estimated and giveri membership values.  



2- Problem Identif ication: 

Measurement means weighting objects by assigning numbers t o  

them, such tha t  cer ta in  re la t ion between numbers, r e f l ec t  the  

re la t ions  between objects.  Therefore, the  properties of the  

measurement should be consistent with the  def ini t ion of 

membership values. Zimmermann, sa id  in  h i s  t ex t  book [ 2 ]  t h a t  

the expl ic i t  requirements of the  membership values/function 

elupirical/ewerimer~tal m e asuremmt are  still missing and 

measurement s t ructures  have not. yet  been developed. Based on 

t h i s  introduction a l i t t l e  b i t  of pr ior  works have been 

developed l a t e r .  For example, Zimmermann [ 1 3  introduces two 

models f o r  determining memk~ership functions. The f i r s t  i s  a 

scale  can serve a s  an operational def ini t ion of membership. The 

second is a .specific concept which can help t o  obtain useful  

improveir~er~t in  the est b a t e d  rmnbership values. 

Other approaches a re  suggested such a s  eigenvalues method by 

saaty 133 Chu e t  a1 C41 presented a procedure based on l ea s t  

square methods. 

The problem now is : there is a set of objects S and it is 

required t o  f ind a mapping f : S + A (where A is the set of 

grades) from an empirical st.ructure l ikes  an expert system, t o  

assign grades or membership values of these objects.  

The answer of t h i s  questiori can be specified through the  use 

of an expert knowledge, i . e . ,  the  main idea of t h i s  study is 

how can we implement the  philosophy of expert system t o  support 

fuzzy analysis ?. The d e t a i l s  of the  answer w i l l  be explained 

irl the next section. 

3- Pract ical  Method For Determining Fuzzy Membership Values: 

In  t h i s  section w e  a r e  going t o  point out. the implementation 

of The suggested idea of detemining the membership values in  a 

fuzzy s e t .  This implementation is done throughout the  following 

phases : 

(a  j Fhowledge acquisition phase, 

(b )  S t a t i s t i c a l  t e s t  of the e m e r t ' s  knowledge phase, 

I c j Membership values estimation phase, and 

i d )  A numerical example phase. 



3-a j Knowledge Acquisition phase : 

Consider a d i s c r e t e  fuzzy set A defined i n  a universa l  set X, 

where X is f i n i t e .  Let A(* j : x----+ [1,0] be t h e  membership 

function of the  fuzzy set A ,  x E X ,  Art expert  is asked t o  do 

p a i r  wise comparison among al l  n elements in  t h i s  set A. This 

comparison r e f l e c t s  the  r e l a t i v e  imp o rtmce between two 

elements i n  the  d i s c r e t e  fuzzy set. The expert's judgment a r e  

summarized i n  the  following matrix form : 

element (1) --I-- 
element ( I '! I 1  
element (2) 

I 

element (3)  

* 

. 

. 

element (n)  

Table (1) Expert,.s Laowledge p a i r  wise comparison matrix 

Where; i n  t h i s  ma.?x-ix the comparison of element i with respect  

t o  i t s e l f  is cor~siderecl 1. After f i l l i n g  t h i s  matrix, the  

membership of object < i j wit.h respect  t o  a the r  objects can be 

determined using Eucl.ideari norm as follows : 

The elements of t h i s  matrix can tx charact e r ized by t h e  

following propert ies:  



( i j a .  = l/qj 
JL 

(ii j aLi = 1 
(iii) a # 0, V i , ~ ,  i . e , ,  a , .  2 1 

L J  J 

Property i, means t ha t  the  expert 's  knowledge matrix is a 

reciprocal matrix, because we are  doing a pa i r  wise comparison 

among the s e t  elements. 

3-bj S t a t i s t i c a l  Test of the Expert's knowledge: 

C51, had proved tha t  t h e  extracted numerical information 

from an expert domain is subjected t o  s t a t i s t i c a l  

t-distr ibution.  From the s t a t i s t i c a l  hypothesis point of view, 

there are  two types of hypothesis. One of them is called the  

tes ted hypothesis (HO), while the  other is called the  

a l ternat ive  hypothesis (HI!. According t o  the  s t a t i s t i c a l  

analysis, the t-distr ibution takes the  following form: 

where 

T. is the standa.rd value of pi under t -dis t r ibut ion,  

Mi is the sample mean of the element i, 

n is the number of elements 

(SDji is the star~dard deviation of element i, 

Under a cer ta in  level  of significance a and (n-1) degree of 
- 

freedom, we can eas i ly  obtain the values of ti ancl ti from 
- 

standard table  of t - d i s t r i bu t  ion 

If the expert 's  knowledge is accepted s t a t i s t i c a l l y ,  then 



the  process continues t o  determine the  optimal membership 

values. On the  other hand, i f  the extracted knowledge is 

rejected s t a t i s t i c a l l y ,  then the  problem solver should do feed 

back with the  domain expert t o  correct  the given information. 

For each estimated value, the upper and lower bounds a re  

determined a s  follows: 

Rased on the curve of t-distribution 

cL md pL are upper and lower bounds of P respectively - 
3-12] Membership values Estimation: 

In t h i s  subsection, a l inear  programming model is developed 

t o  determine the membership values of of elements i n  a. fuzzy 

s e t  as follows: 

Let 13 be an arbit.rary auxil iary variable 

In / [ p '  .., .J mcdel, c tx~s t ra in t  (9) represents the  range of each 

p i ,  i 1: 1,2 . . . ,n .  Cmst ra in t  i l a ) ,  is responsible fur 

normalizing the resul tant  membership values since pi should 

sa t i s f ied  condition no. (11). This rncdel can be solved by using 



any computer package t o  get t h e  optimal membership values of 

the  elements i n  a d i s c r e e t  fuzzy set. 

The s t e p s  of t h e  methodology can be summarized a s  follows: 

S t e p  2 ------ 

Step  Z ------ 

Step  3 ------ 

Step  4 ------ 

Step  5 ------ 

Step  6 ------ 

I n t e r a c t  with an expert domain t o  construct  the  

expert 's knowledge p a i r  wise comparison matrix. 

Apply the  Euclidean norm (mu. 1) t o  aggregate the  

information of each row. Consider these  a r e  i n i t i a l  

values.  

Apply t -d is t r ibut ion  t o  check t h e  s igni f icancy of each 

estimated value. I f  it is accepted, go t o  step (4). 

Otherwise, go t o  st.ep (1). 

Determine the  upper .and lower bounds of each estimated 

value by using Equa.t,ions (6) and ( 7 ) .  

Apply (LP) model t o  f ind  t h e  optimal membership 

values. 

Stop. 

3-d) A numerical Example: 

Let a fuzzy set has 4 elements and t h e  expert's knowledge 

matrix is extracted and constmcted a s  follows : 

The calculat.ect s t a t i s t . i c a 1  parameters of t h i s  d a t a  are 

summarized in  the  following table : 



From t h e  table of t-distribut.ion, at  (n-1) degree of freedom 

arid level of sigriificmce = 0.05, it w a s  found t h a t  the 

extracted knowledge matrix is accepted s ta t i s t ica l ly .  

element ( 1  j 

element (2) 

1.18251 0.6451 element (3) I 0.95 3.0226 

element (4) 0.8925 0.8121 0.95 1.7.546 

T L 

2.1407 

1.9603 

a 

0.95 

0.95 

(n-1) 

3 

3 

M 

1.825 

1.25 

(SD). 

1.382 

1.2437 



Conclusion : 

This paper has suggested a methodology based on both 

s t a t i s t i c a l  analysis and l inear  programming t o  estimate the  

membership values of a d i sc re te  fuzzy s e t .  The methodology is 
easy applied and appears t o  have a reasonable estimation 

r e su l t s  with sufficiency low time. 
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