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ABSTRACT

This paper presents a new methodology to estimate the
membership values for fuzzy sets. This methodology takes into account
the experimental data which reflects the expert knowledge on the relative
degree of belonging o\f the members to each other in the fuzzy sets.
After that the methodology searches for the optimal membership values
of the elements by implementing the linear programming model. An
illustrative numerical example is given to point out the given

methodology.
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1- INTRODUCTION:

The theory of fuzzy sets (Zadeh [1]) admits the existence
of a type of uncertainty due to vagueness ( i.e., fuzziness )
rather than due to randomness alone, where classes of objects
( labels of fuzzy sets ) have gradual rather than sbrupt
transition from membership to non-membership.

The philosophy of fuzzy sets can be summarized as”the branch
which deals with the hidden parameters which can not be
described in  the models account in easy marmer”.

Based on this concept, a membership values are used to
characterize their fuzzy sets. there values are given by the
decision maker, usually, which may lead to create sanother
hidden information, should be tsken into account, and so on.
"This because of the fact which says that the human being mind
has no full information about the problem domain although -
his/her sdvanced knowledge”. So that different researchers
directed their attention to find out more practical approaches

which can be used for this purpose.

This paper suggests a practical method based on the expert’s
knowledge to be'ﬁsed'in‘estimating the membership values. These
values are derived from judgment of human expert sbout the pair
wises among the elements of a fuzzy set. A result pair wise
judgment matrix is processed by using the Euclidean norm to
aggregate each raw in this matrix. The significantly of result
values are calibrated by implementing the statistical hypothes-
is to decide the acceptance or rejection of the extracted
expert’s knowledge. Afier that, a linear programming problem is
developed baged upon the upper and lowsr bounds of each
estimated membership values to determine the optimal membership
values.

The paper is organized as follows: Section 2, presents fuzzy
membership function concept and why does it consider
ill-structured. Section 3, introduces the suggestied approsch
and its theoretical basis. It points out the minimization of

deviations between the estimated and given membership values.
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2~ Problem Identification:

Measurement means weighting objects by assigning numbers to
them, such that certain relation between numbers, reflect the
relations between objects. Therefore, the properties of ' the
measurement should  be consistent with the definition of
membership values. Zimmermann, said in his text book ([2] that
the explicit requirements of the nembership values/function
empirical/experimental m e asurement are still nmissing and
neasurement structures have not yet been developed. Based on
this introduction a little bit of prior works have been
developed later. For example, Zimmermann (1] introduces two
models  for determining membership functions. The first is a
scale can serve as an operational definition of membership. The
second is a specific concept which can help to obtain useful
improvement in the estimated membership values.

Other sapproaches are suggested such as eigenvalues method by
saaty [3] Chu et al [4] presented a procedure based on least
square methods.

The problem now is @ there is a set of objects S and it  is
required to find a mspping f : S —— A (where A is the set of
grades) from an empirical structure likes an expert system, to
assign grades or membership values of these objects.

The answer of this question can be specified through the use
of an expert knowledge, i.e., the main idea of this study is
how can we implement the philosophy of expert system to support
fuzzy snalysis 7. The details of the answer will be explained
in the next section.

3~ Practical Method For Determining Fuzzy Membership Values:

In this section we are going to point out the implementation
of The suggested idea of determining the membership values in a
fuzzy set. This implementation is done throughout the following
phases:
(a8} Knowledge acquisition phase,
(b) Statistical test of the expert s knowledge phase,
(cy Membership values estimation phase, and

{d) A mumerical example phase.
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3-a) Knowledge Acquisition phase:

Consider & discrete Fuzzy set A defined in a universal set X,
where X is finite. Let A(¢): x— [1,0] be the
function

membership
of the fuzzy set A, x € X. An expert is asked to do
in this set A. This

imp o rtance  between two

pair wise compsrison among all n elements
reflects the
elements in the

comparison relative
discrete fuzzy set. The expert’s judgment are

summarized in the following matrix form:

element (1)|element (23! *<****<ielement (n)
element (1) 1 8., . -
element (2) a,, 1 . a,.
element (3) . , .
element (n) ‘ 1 B

Table (1) Expert’'s knowledge pair wise comparison matrix

Where; in this metrix the comparison of element i with respect
to After filling this
membership of object (i) with respect

itgelf is considered 1. matyrix, the
to other objects can be

determined using Euclidean norm as follows:

(1

n n

2

ol F T ()
i=4 j=1

The elements of this matrix can be characterized by the

following properties:
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(1) aj.t = 1/*.1tj

(ii) 8, = 1

‘e ... >
(iii) %J 20, ¥ i,j, i.e., au Z 1

Property 1, means that the expert’'s knowledge matrix is a
reciprocal matrix, because we are doing a pair wise comparison
among the set elements.

3-b) Statistical Test of the Expert’'s knowledggi

{5}, had proved that the extracted numerical information
from an expert domain is subjected to statistical
t-distribution. From the ststistical hypothesis point of view,
there are two types of hypothesis. One of them is called the
tested hypothesis (HO), while the other is called the
alternative hypothesis (H1). According to the statistical
analysis, the t-distribution takes the following form:

T - M - r) 'y 2
i ‘(SD).L R
where

T.L is the standard value of H, under t-distribution,
M.L is the ssmple mean of the element 1,

M = , 4= 1,2,....,n,

n is the rmumber of elements

(SD).L is the standard deviation of element i,

Zni [a.u. - Mj] RV
k)

Tr1)

Under a certain level of significance o and (n-1) degree of

(sD), =

freedom, we can easily obtain the values of T:.L and 'c.AL from

standard table of t-distribution.
If the expert’'s knowledge is accepted statistically, then
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the process continnes to determine the optimal membership
values. On the other hand, if the extracted knowledge is
rejected statistically, then the problem solver should do feed
back with the domain expert to correct the given information.

For each estimated value, the upper and lower bounds are

determined as follows:

ro= M- (T - SD.L)/’W..F (3
let 4 = |[(T,* sDHAn | (43
NS (5)

Moo= M o- 4 (7>

——

ﬁL and M, @re upper arel  lower bounds of M, respectively

3-cy Membership values Estimation:

In this subsection, a linear programming model is developed
to determine the menbership values of of elements in a fuzzy
set as follows:

Let 2 be an arbitrary auxiliary varisble

(LP): Min 5 . (8
s.t.

K, sp s (97
n

Ho=1 | (105
1=1

0<p =1 Vi, i=z1,Z,.....,n (11)

3z 0 (12)

In (LF) model, constraint (9) represents the range of each
B 1= i,Z2....,n. Constraint (10), is responsible for
normalizing the resultant membership values since H should

satisfied condition no. (11). This model can be solved by using
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any computer package to get the optimal membership values of
the elements in a discreet fuzzy set.

The steps of the methodology can be summarized as follows:

Step 1 Interact with an expert domain to construct the

expert s knowledge pair wise comparison matrix.
Step 2 Apply the Euclidean norm (equ. 1) to aggregate the

information of each row. Consider these are initial
values.

Step 3 Apply t-distribution to check the significancy of each
estimated value. If 1t is accepted, go to step (4).
Otherwise, go to step (1).

Step 4 Determine the upper and lower bounds of each estimated
value by using Equations (B) and (7).

Step 5  Apply (LP) model to find the optimal membership
values.

Step 6 Stop.

3-d) A numerical Example:

Let a fuzzy set has 4 elements and the expert’'s knowledge
matrix is extracted and constructed as follows:

By | By | By ) Byl My
E {1 |3.6 |2.2 |0.5/4.36
£ |uzs|1 |0.78[3.1]3.36
Eglu.45/1.28]1 |z |2.62
Bz |o.s2|0.z501 |2.27

The calculated statistical parameters of this data are

summarized in the following table:
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M. (3D), (n-1) a T,

9%,

element (1) | 1.825 | 1.382 0.95 | 2.1407

element (2) 1.28 1.2437 3 0.85 | 1.9603

element (3) 1.1825] 0.645 3 0.985 | 3.0226
element (4) 0.8925] 0.8121 3 0.85 | 1.7546

From the table of t-distribution, at (n-1) degree of freedom
and level of significsnce = 0.05, it was found that the
extracted knowledge matrix is accepted statistically.

A =1.826 , wp =0.1991 , p = 3.451
A, = 14632, u, = 01732 , k, = 2.753
Ay = 0.7588 , py = 0.4237 , k= 1.9413
A =0.9554 , p =U.0828 , u = 1.8479

-
N
Y

!

The LP wmodel is azs follows:

Min 3

5.t.
0.1881 = ¢ = 3.451
0.1732 = p, = 2.753
0.4237 = p = 1.4413
0.0628 = p, = 1.247Y

The model is solved by storm packsge and the results are:

S 0,340z, H, = 1. 1752, My = (0.4237, Mo 0.0628
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Conclusion:

This paper has suggested a methodology based on both

statistical analysis and linear programming to est imste the
membership values of a discrete fuzzy set. The methodol ogy is

easy applied and appears to have a reasonsble estimation
results with sufficiency low time.
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