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ABSTRACT - The aim of this investigation is to obtain a law for the velocity distribution
in turbulent boundary layer in the presence of different surface roughness and adverse pressure
gradient. This work has been developed on the basis of experimental results of difierent
investigators{1:¥ land on the velocity law in turbulent flow over rough surface [ 5.

In order to obtain the numerical results for th2 mathematical solution outlined
in this work, a computer programwasconstructed to perform all the necessary calculations,
These results are presented in charts and can be utilised for the geometric shape of roughness.
On these basis it is possible to study turbulent boundary layer for which the pressure dis-
tribution, and the ratio of the roughness height to the momentum thickness /S are
defined. Moreover, this work shows also that the constant of surface roughness function,
C , varies with pressure gradient in form of Euler number for different ratios KIS . This
contradicts suggestions  of previous investigations.

NOMENCLATURE

Symbols

A velocity profile parameter —
B constant —
Cy free stream velocity (in/s)
¢ velocity at the outer edge of the boundary layer {m/s)
c friction velocity (mn/s)
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. kiv dimensionless roughness height —
Y dimenstonless distance nermal to the wa_l}! _—
< Jocal skin friction coefficient, ‘{w)’ 125 —
<, velocity of the fluid inside the boundary layer in x-direction (m/s}
C)’ velocity component inside the boundary layer in y-direction {m/s}
¢k
C{ £..)  surface roughness function —_
c, ¥ consiant of surface roughness function —
Hyy boundary layer form parameter ,g* fg ** # e, y ¢
| boundary layer shape parameter, ( ezt ¥ d {5520
o
k roughness height t {m)
M Mach number _
E Jift
Reéu momentum thickness Reynolds number, -'—}J—“- —_
x coordinate in the direction of the wall {m)
y coordinate normal to the direction of the wall {m)
& boundary layer thickness C {m}
g boundary layer displacement thickness ,J( |- —Eé- ¥ dy {m)
o’ ¢ c.

i boundary layer momenium thickness S N g —-E- ) dy {m)
X von Karman's universal constant [} <
A Euler number L a8 é“

' & dxe -
;N roughness density _
2 kinematic viscosity of {luid | de 5" {m?/s}
1T pressure gradient parameter =SSR EEmE g 5=

g _ c dx Lw {PE

9 density of {luid tkeg/m*)
'Z’w wall shear stress {(N/m?®)

t- INTRODUCTION

fn recent years, there have been increasing atiempils 1o obtain better understan-
ding of the behaviour of the turbulent boundary layver of incompressible flow in the presence
of surface roughness. Measurements have been made in many experimental configurations
and many prediction methods have been developed to get better understanding of the exact
mechanism of turbulent motion, and to introduce a complete theoretical solution for that
mechanism. These experimental and prediction methods included nor only the effect of
roughness but also the height of rovghness elements, the size distribution, the shape of rough-
ness elements, and their density distribution over the wall surface.

The framework of rough-wall flow was established by Nikuradse [6] who inves-
tigated flow in sand-roughened pipes, and found that with increasing Reynolds number the
flow behaviour devitated from the turbulent smooth wall law and depended on ks/d lks is

sand grain roughness height and dis pipe diameter)as well as on  Reynolds number, this was
termed transition flow. At higher Reynolds number the Ilow becomes independent of viscosity
and is a function of ks,‘d alone and the latter flow was termed fully rough.

Prandtl and Schlichting assumed that the pipe and flat plate velocity profiles
were nearly identical; (7). Using Nikuradse's [6) results they calculated a skin-Iriction relation
as a lunction of plate Reynolds number.

Clauser;[8]; gives the form of the logarithmic velocity distribution for flow
over rough walls with zero pressure gradients as:

C C..
T S S T (1.1
6% in -;)- B-C ( "}‘) } El

u
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where ¢ is the friction velocity, Clcg Xkfw ) is the roughness function which is zero for
smooth walls and+t, B are universal constants. The Clauser form of the roughness function
for fully rough flow is:

¢ k I C'?.:' k
C(--2-m J:—B—r_—ln(-———;JrCl, {1.2)

where Ci is a constant.

Hama; [9]; showed from the results of an extensive experimental programme that
equations{l.1) and (1.2) are both universal for a given roughness geometry in pipe, channel
and zero pressure gradient boundary layer flow.

Clauser and Hama;[9); have determined the value of C (cg k/») for quite different
types of roughness, with the constant C1 in equation {i.2}, dependent on the type of
roughness.

Perry and Joubert;[8];showed that the universality of equations{l.1) and (1.2) extends
to boundary-layer [low in adverse pressure gradients.

Perry, Schoiield and Joubert [8] distinguished between two types of roughness,
the "k" and "d" types.

The 'k' type roughness lollows the Nikuradse - Clauser scheme in which eddics
with a length scale proportional to 'k' are assumed to be shed into the flow above the crests
of the elements. This type of roughness has a roughness function depending on Reynolds
number based on the friction velocity and on a length associated with the size of the raughness.

The other type of roughness, d-type, is characterised by a smooth surface with
a series of depressions or narrow leteral grooves within which the outer flow generates
stable vortices., It has been tested in pipes by many researchers, and the investigators in (9]
indicated from the results obtained, that the corresponding roughness function does not
depend on roughness scale but depends instead on the pipe diameter.

A simplified solution for the boundary layer development on rough surface wusing
Coles law of velocity distribution has been obtained [10], and indicated that the existance
of roughness increases the shape parameter, !, while maintaining a constant pressure gradient
parameter, .

Two additional variables were introduced in the study of boundary layers on rough
walls, the error in origin, &, and the roughness density,X. The roughness density,Dy, is the
ratio of total surface area to roughness area, = L/S, where L is spacing between roughness
elements and S is length of roughness element. Its effect is introduced in the constant C[
of equation (1.2)

Einstein and EL'Samni [ia] observed that the origin of logarithmic velocity distribution
was situated below the top of the roughness elements; consisting of hemispherical caps;
by a distance of & = 0.2k.

The error in origin can be considered as a measure of the interaction between
the mean flow and roughness. Its value depends on the type of roughness [12], and (13].

Perry, Schofield and Joubert [B] stated equation (l.1) for k-type roughness as:

Co(¥r tE .
s JEULL g2l ) s (1.3)
Cz- F o4 » 4
where y. the distance measuced Irom the top of the roughness elements for {ully rough
tlow, the roughness function, C (cE.E;’y), takes the form:
C c
7. 1 .
Ci -J---E- )= - In --%J—-& + constant , (1.4)

Bettermanni[9); correlated his measurements on two-dimensional roughness clements
(rod) of varying spacing, L, in terms of equation (l.2) with the constant, C, being a {unction
of the roughness density, . . and observed that lor a certain spacing of rods, the value of
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C (cz_.k />») was maximum, and as the spacing was increased, C (cz_.kfvi decreased.

Comparison between the results obtained from the different resources of velocity
distribution on rough surfaces indicates that there is no acceptable form for this distribution.

The main objective of this investigation is to obtain a law lar the velocity distribution
in turbulent boundary layer in the presence of different surface roughness and adverse
pressure gradient. This work has been developed on the basis of theoritical and experimenial
results f[]di(ferent investigators [1 ¢ 4] and the velocity law in turbulent flow over rough
surface [5].

2- ANALYSIS OF YELOCITY PROFILES

2.1, Velocity Distmbution in Turbulent Flow over Rough Surfaces

The prediction ol the development of turbulent boundary layers over smooth surfaces
can be achieved by many methods but the corresponding published methods for rough surfaces
are few and all are restricted to the prediction of the momentum thickness and the skin-
friction coefficients in the fully rough regime in zero-pressure gradient.

The calculation concerning boundary layers with non-zero pressure gradients are
more difticult than those concerning {lat plates, owing to the large number of independary
variables. However, the most evaluated values of the different boundary layer parameters
depend on the used form ni the velocity distribution. Therefore the general acceptable form
for this distribution is given as:

c c_.y c ...
« | T 24 2
frege My e B e Ol o Deyad (2.1)
Law of The wall Correction Surface Roughness

-Function Function

where a ., B are two emperical constants of 0.4 and 5.2 respectively, and the C (c ki)
equals zero for smooth surfaces.

The velocity distribution; equation {2.1} is similar to that suggested by Rotta [13]
and independently by Ross and Robertson [15] with exception that it does not centain the
constant B taking C {cg k/¥) = 5.2 for smoath surtace. Equation {2.1) has a more generali-
zation in its use than that given by [14].

At the outer edge ol the boundary layer, at y = 5, c, = C. Substituting these values
in equation (2.1}, the [ollowing relation is o'mained: -

LoobinZos.Bc ( ------ )y (2.2)
i‘ x

which gives an expression for the local skin friction coelficient, ¢;/2 = (CCIF:)’-

From equation {2.1) and (2.2) the velocity distribution in the boundary layer is
obtained as :

A Yoo 2A L X
[a: an {1 5)] {2.3)

1t may be noticed from equation (2.3} that the surface roughness ithrough C [c ki) ) has
no effect on the velocity distrbution.

The two boundary layer parameters defined in the nomenclature; the dimensionless
displacement thickness § */§ and the dimensionless mumentumn thickness g%/ §, are obtained
by substituting the value of ¢ i' ¢ in their formulae so that:

B A i it .(l#A)i (Z‘Q]

| &
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"% =
65-}*’- \l-i;‘g".i.(um— -éz-.%‘é’-i.(zwAug-Az) .(25)
C C

The remaining boundary layer parameters such as the form parameter H!Z‘

shape parameter |, and the pressure gradient parameter i may &all be represented
by separate formulas. They are :

* 1
Form parameter: H, = _6__{_(5__ = e - {2.6)
(T~ 2+3A+5-AY
§* & - ‘\/“’ __________________
*ipce (1+A)
4 2
. 2+ 3 A - A
Shape parameter: 1:={(1 - 'Fll" }. _Tl__-z S i ;S (2.7}
1z y¢, ke {(1+A)

Selving the previcus equations for A ; which has two roots; the suitable form is :

A-bl3x -9 J(3m1-5)03%.1+3)) (2.3)

H
Pressure gradient parameter 11 =/\" ,_-.--}g":'z (29)

Cw oc

For flow past a flat plate at zero_inci(!ence.Tf = 0, also/A= 0, while for
boundary layers with adverse pressure gradientu»0 and A Q.
2.2. Surface Roughness Function

The contribution of surface roughness effect to the velocity distribution
cy/cq is represented by the surface roughness function Clc_.k/»). For completly rough
surface, it is given by the relation : L

@ fad . I SRR S P A ; (2.10)
»

with C [ the constant of surface roughness function, which can be estimated after
substituting eguation (2.10) into equation (2.1) which yields :

X I k
..... e W [} S -4 B . .
& r(n ; 2A 6—]# + Co {2.11a)
At the outer edge oi the boundary layer, le.,, y = 0, ¢ = &, equation
(2.1la) becomes : X
c L k
--6%- - -J-C-( In --6‘- - 2A)+ B }Cr ' (2.1“3)

To get the ratio of the roughness height to the momenturn thickness, kG #*,
this will be obtained by substituting the ratios ¢ */& and & **/& from (2.4) and (2.6)
in (2.11b), thus

12 ¢c
Then, the expression for Cr is given by :
,I 2 1 l+ A 2 A 1 k ] i
Cr~ -EE- -B+-:-C-In ---55 ------ 3-d' -*2— in (ar;;-‘r_'l‘l"z- “i') LR (2'2)

Equation (2.12) gives a method, which is used in the computer programme;
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to estimate the constant of surface roughness, C _ , based on knowing the velocity profile
parameter, A, the ratio k/d *¥, the form parameter, H|2, and the dimensionless wall shear
stress, cff"2.

The effect of momentum thickness Roeynolds number, Re o **, on the surface 'rough-
ness function, C (¢, .k/» ), can be found by perlorining Re gt e have the [otlowing

form :
c. & g Cf“/ g » 6'“

S T, N exp [ £ 63--B-<:(--°”-)'-;--:-2m. (2.13)
f

Equation {2.12) give the relation between Re g ** and Clc

kfy). For smooth
surfaces, i.c., C(cz. &f ) =0 egation (2,13} yields :

r

o Le A L 2
Re g ., )mugh g ek exp [a:(\l-‘-:;- -B)-2A), (2 14)

where Re *) is the admissible minimum Reynolds numbec for rough surface.

rough
When the actual Reynolds number, Re,. ** is lower than ReJ ”)rou h the surface
is to be considered as being hydraulically smooth. g

The surface roughmess function can be estimated from equation (2.13), this gives:

cok 1+A 1 :
C(-—)—}--]--Ef—-B----[ln Regpp ~ In (250 1 Y+ 2 A (2.15)

Equation {2.15) was used in the computer programme for the evalvation of C(c Kiya)
for different values of Re & s

3 ~ PRESENTATION AND DISCUSSION OF RESULTS

The velocity profiles at ratlos of roughnu‘s height to momentum thickness «/§ ** =
0.05 and 0.3 [or Euler numbers, A = 0, [*10 2*107%, and 3*10~'are plotted in Fig. {la
& Ib) .

Comparing figures {la) & (Ib), shows that for constant Euler number A, the velocity
distribution decreases slightly with the increase of the ratio k/

The velocity profiles for constant velocity profile parameter, are represented in
Fig. {2). This figure shows turbulent boundary layers at velocity profile parameters A = 1.0,
Fig. (2a), and A = 4.0, Fig. (2b), with the ratioc k/§ ** as a parameter taking_the values
0.05 and 0.3. For the same velocity profile parameter, the velocity ratio ¢ !c decreases
with the increase ol ‘the ratic k/6 *#, due to the decrease of the dlmcnsmnless wall shear

stress, Tw ! ?c

Figure (3) represents the variation. in the velocity profile parameter, A, with Culer
number, A, for different values of the ratio k/& **. The figure consists of four curves for
values of ki ¢ ** equal to 0.05, 0.08, 0.1 and 0.3 .

For boundary layers at the same value of k/d **, the velocity prolile parameter,
A, increases as Euler number, A, increases. But the increment in the value of the parameter
A tor values of Euler number A>1.5%107* is greater than that for Euler numbers below that
value.

For the same valye of the velocity profile parameter, A = constant, Euler number
/. increases as the ratio k/§ **, increases.

Figure (4) presents the change in the velocity prolile parameter, A with the
pressure grujlent parameter,fl , for flows over rough and smooth surfaces. This relation for
smooth surface is adopted from [16] and its intersection with the vertical axis (= 0} referring
to the turbulent boundary layers on Ilat plate with zero pressure gradient occurs at A = 0.64
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corresponding to shape parameter | =~ 6.3 . For [lows over rough surface all points for
different ratios of k/¢ ** lie on one curve.

Figure (5} illustrates the relation between | and for ratios of k/& ** = 0.03, 0.05,
0.1 and 0.3. also presents this relation for flow over smooth surfaces mueqtngated theoreti-
cally by Mellor and Gibson [15] ; adopted [rom Felsh [3]; and [16). The results show good
agreement to Mellor-Gibson curve.

Figure {6) illustrates the variation of the constant of surface roughness function
with the ratio k/d ** and Euler number A as parameter. [t has the [functional form
Cy- C].(khf t%. A) which resuits from the simplification of the form C,= G (A, KIS ==, ¢ [2)

equation (2. 12), by making use of the relations A = A (A, k/& **#}; Fig. (3). {
== =3
_Figure (6} shows the previcus relation of C_ for Euler numbers A = 0, %167, 210
and 3*10° . For constant Euler num>»er, A = const.,, each curve can be divided into two

parts, the first part for values of the ratio kfd’*’-d(].l.' at which the constant C_ decreases
as the ratio k/& ** increases, In the second part, k/§ ** >0.1, the constant C_ increases
with the increase of the ratio kf/& **.

At the same value of the ratio k/d *¥, the constant increases as Euler number,
A, increases. Also, the velocity profile parameter, A, increases; Fr1g (3).

Another observation from the plot at raotios k/d **« 0.1, is that the decreasing
rate in the constant C, increases with an increment in Culer number, Al

The results obtained for the value of C,. contradicts with the suggestion of Rotta
[13] taking the constant C. ; C,. + B = 8.4; for sand grain type of roughness to remain
unafiected by the existence of pressure gradient.

The influence of pressure gradient in form of Euler number, A, on the surface
roughness function C [c_,%;_ ) is iilusirated in Fig. (7) for values of the ratio /& =* = 0.05
& 0.30 with the momentum thickniss Reynolds number, Red,n, as a parameter. At constant
kig ** & A the function C ( - - ) increases as Reg#s decreases, Comparing Fig. 3a with

3b indicates that at the same Re s+ the function C { I———) decreases as the ratio k/§ **
increases. ¢

c k f
The variation of the surface roughness function, C -5-‘_; ), with the dimensionless

wall shear stress, 7y, / P c?, and the momentum thickness Reynolds number, Re &, as a
pparameter are represented in figure 8 . This ligure is drawn [or values of the ratio k/d **
= 0.05 and 0.3 , Each figure contains five curves for constant Reynolds number Re ez 4*10,

8"
g« 10%, 2% 10°, 4%10° and 10°
For cnmtdm ratio of X/& ** and constant dimensionless wall shear stress, ‘Z;jgt \
the function C ( -E'C ) increases as the momentum thickness Reynolds number, Res**

decreases. For a constant Reé”, Ehe surface roughness [unction C ( ‘i__ } increases as the
dimensionless wall shear stress 'f}?c , decreases.

For the same value of Reynoids number Re  «xthe surface roughness [unction,
C
C{ I__ ), decreases as the ratio k/ & *=* mcreascs. knowing that as the roughness height
k |ncreases, the surface roughness function C { c,c__ ) decreases, Eq. (2.10).

Figure 9 illustrate the variation of surface roughness function, C ( -cf)lf } with the
velocity profile parameter, A. The figure drawn for constant ratios of k/& *x,

For constant ratio of k/§ *¢ and constant parameter A, the rouvghness functlion
C C-i- } increases as Reynolds number Re6n decreases, this is similar to that fer the

varlatlon with Euler pumber, /. For a constant Reynolds number Re, .., the surface roughness

$
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) Cphk . , \ , .
function C ( --E- } increases as the velocity profile parameter, A, increases. Observing

that, for this last case, from figure{8)the dimensionless wall shear slress,f-'lg’c_z, decreases,
i.e, the velocity profile cfczbecomes fuller. w

For constant mementum thickness Reynelds number, R%“, the surface roughness
. c.k ] !
function C --;-- } decreases as the ratic kfd ** increases.

Figure {10} indicates the relation between the admissible minimum Reynolds number
for roueh surface, Re6 »x )rough’ and Euler number, A, with the ratio kfd ** as a parameter.

Equation (3.22) is used for calculating these values, which gives the case when the surface
roughness functien C { ?f;\- ) = 0.

A surface is to be considered as being hydraulically smooth when the actual
momentum thickness Reynolds number, Re_ .., is lower than Red’*‘Jrough given by Fig.(10).

The figure contains four curves for values of the ratic kf& ** = 0.05, 0.08, 0.1 and C.3.

For constant Euler number, A, the admissible minimum Reynolds number for rough

surface Reo,,. ]raugh increases with the increase of Euler number, A. Each curve can be

divided into two pacts. First part, the slope of the curve is positive and approximately
constant, this means the increase of Red I )rough with the increase of Euler number, A.

Second part, the slope of the curve increases which alse increases with the decreasing

of the ratio k/d” ##, that means large increase in the value of Reor“ lmugh for small

increase in Euler number, A. For example, at the ratio k/d =* - 0.05, Rea’“)rough increases
L] 5

=1 -
frorn 1023.8 at A = 2.5*10  to 2058 at A = 3*10 . As can be detected from the figure,
as the ratio kfd ** tends to zero; i-e. smooth surface; the value of Re.,,) goes 1o
infinity . § rough

CONCLUSIONS

As a result of the present investigation the following conclusions concerning
specific aspects about the velocity profile on turbulent boundary layers over rough surfaces
are obtained.

For boundary layers at the same ratio of the roughness height to  momentum
thickness, k/& **, the velocity profile decreases with the increase of Euler number, A.

For toundary layers at the same velocity profile parameter. A, the velocity profile
decreases with the increase of the ratio, k/d **, Moresover, the velocity parameter, A,
“increases with the increase of Euler number, A, and the decrease of the ratio, W& "%, it
also increases with the increase af the pressure gradient parameter,

The vaciation of the shape parameter, 1, with the pressure gradient parameter,,
for different ratios of, kid **, is in good agreement with the investigation of Mellor -
Gibson [15] .

The constant of surface roughness function, C. , varies with the pressure gradient
in form of Euler number for different ratics of, k/d **. This contradicts the suggestion
of Rotta [13] and others that it remains constant ,C. ,i. e unaffected by the existance of
pressure gradient. Also, for certain ratio of, k/§ **; k/d ** = 0.1; the constant, Ce s
a minimum for all Euler numbers and as the ratio is increased or decreased, C ., inCreases.
A similar observation was made by Betermann; [2); and Liu et al; for the variation of
Cr , with the roughness density,

The surface roughness function, C { Ei—tc- % for boundary iayers at the same ratio

of, kK/§ %%, and the momentum thickness Reynolds nrumber, Re g »+, increase  with the
increase of Euler number. A. Furthermore the admissible Reynolds number, Reg")rou b
increases with the increase of the ratio, kf&§ ** . g
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