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Abstract :Sufficient and necessary coefficient bounds and other properties are obtained
for a class of M&g" (7, v, «) , extreme points of closed convex hulls, and distortion
theorems are determined for a family of harmonic starlike functions of complex order
involving Ruscheweyh-type g-differential operator.
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Introduction
Let A be the class of functions:

h(z) =z + Z;:):z a, 7%, (1.1)

which are analytic in U = {z:z € C.|z| <
1}. Also let & denote the subclass of A
consisting of univalent functions in U.

For h given by (1.1) and g given by

_ o 1.2
9(z) =z + Zk=2 by z¥, (1.2)
the Hadamard product
(Or convolution) is

(hxg)(z) =z+ Z ay by, z*.
k=2

For h€ed.0<qg<1, the q-derivative
operator V7, is given by

(Jackson [7]) and other authors studied g-
derivative operator ¥ suchas ([1-5], [10]).

h(z) — h(qz)
th(z): —(1—q)z ,Z+ 0
h'(2) ,Zz=0
that is

V,h(z) =1+ Z[k]qak zk1,
=2

where

(Kannas and Rdducanu [9])

introduced and  investigated the
Ruscheweyh type g- differential operator

R;”h(z) = h(z) « Fq‘m+1(Z) —Z4
Zzozzxq (k' myag zkm > _1,
(1.3
where
Fq,m+1(z) =zZ+ Z Xq(k. m)) zk.
k=2

Tq(k+m)
(k—1)!y(k+m)’

and X, = (1.4)
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Observe that
Rh(z) = h(2)
Rh(z) = zV, h(2) ...

ZVi (2™ h(z))

Rglh(Z) = - Z +
Z?:ZXq(k;m)aka- (1.5)
Let M Dbe the family of harmonic

functions f=h+ g that are orientation
preserving and univalent in U where h as in

(1.1) and

_ Vo 1.6
g(z)_Zkzlkak, |b1|<1- (1.6)

and M <M consisting of f=h+g
where

h(z) =z - Z;ozz a Zk’,g(Z) =

o 1.7
Zk=1bkzk, a, >0andp, >0 (1.7)

For f € M.Ri'g(z) , be defined by
Rgg(z) =9(2)

th(z) =Z ng(z)

Rzng(z) =&M1—ﬂzﬁ=2+

m
lio=1Xq (k’ m)by z¥. (18)

Recently, (Jahangiri [g]) applied g-
difference operators to classes of harmonic
functions and obtained coefficient bounds for
such functions. Motivated by ( [8] and [97),

we define the class My*(a) of Ruscheweyh-

type g« calculus harmonic functions
Mg"(a) consisting of f € M satisfying

R‘m+1 7

Re( 7 f(2)

Rq f(2)

where  R{*h(z) and Rf'g(z) are,

respectively, given by (1 5), (1.8) and

R;nf (2) =

R;”h(z) + (—1)mRZ’g(z);m > -1,
(1.9)

The subfamily M*(a)c M*(a) consists
of harmonic functions f = h + g, for which

X

)2a;0£a£1.

h(Z) =Z— 220:2 ag Zk,gm(Z) =

k ap =0andp >0,

E—lgg”zﬁzlbkz ,

1.
Definition 1:

For non-zero complex number 7 with
7] <1l.y€eRand0<a <1 let

Mé&g'(t.y.a) be the subclass of feM
satisfying

l]/ RZ]n+1f(Z) _
Re{l +i (1 +e )—RE,"f(z)
(1+e%) } >a (111)

and

M&M(t,y, @)cM& (t,y, ) N M.
Note that:
(OMSF(1,y,a) = M&F(y, a) € see [11])

RG (@)

‘Re [(1 +e) e

eiy] > a.
(Mo7(5,0,0) = Moy (z,@) 19
Definitionl) :

o1+ 2(B00 )

R > a.

2 M ain section

Unless otherwise mentioned we shall
assume that |[7]|<1,yeR.0<a<1m>

—1,0<g <1 and X,(k,m) is given by
(1.4).
Theorem 2.1. For f € M. If
2[[1":7;”]]q+z—(1—a)|r|
q
x,(k,m)|a
k=1 2[k+m]q
[Fmyg —2+(1-a)|7|

2 (2.1)

then f is orientation-preserving harmonic
univalentin U and f € M67* (1, v, @).

Proof.

Let (2.1) hold, first we prove that f
orientation-preserving in U it is sufficient to
show that |RI*h(2)| = |RI*g(2)|.
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|[RI'R(Z)| =1 - ZXq(k,m + 1)|ay |r*?
k=2

>1 —ZXq(k,m+ Dla|.
k=2

=1
& (Tt =2+ A= a)ltl

_; B Xo(e,m)|ay |
® %+2—(1—.a)|r|

= T XaUemlby|

&
[y

o

> ) XoUm+ Dby |
k=1

> Z X (k;m + Dby [r=1 > |R7g(2)]
k=1

If z, # z, then
f(z1) — f(z2) > 1
h(zy) — h(zx)| —

_ 9(z1) — g(z,)
h(z,) — h(z)

-1 Yie1 b (2, = 2,%)
(z1 — 23) + X, ag(zk — z,)
~_. k|b
1 XEiklb]
1=, klag|
2[[1":1:’1;]‘?+z—(1—a)|r|
q
- Z[k+m]q -
g —2+(1-a)|7|

This gives the univalence of f.

Finally, we prove that f € M§;*(z,y, a).
Using the fact that,

Re(w(z)) >ae|l—a+ w|
>|1+a—w|
we may show that

[27 — at — (1 + e¥)] lRanh(z) +
(~1)"RT g(z)l (1+ )[R h(z) -

—D™RF 1 g(@)]| - |(1 + ar +

e) lRmh(Z) +(=D™RY g(Z)l

(1+e%) [R’(}th(z) -

|[2T —ar—(1+ ei”)][z +
ZIOCOZZXq(k:m)aka +
(—D)™ 35y X (e, m)by 7] +
(1+e")[z+ Y2 Xq(k,m +
Da 2% — (~1)™ B, X e m +
Db ]| = |(1 + ar + e¥)[z +
ey Xq(k,m+ Day z* +
(D™ iy XqUe,m + Dby 2] -
(1+e")[z+ X5, X, (k,m)ay z* —
(=)™ X5l Xq(k, m)by 21| 2
(2 — a)lt||z|
—Ye,lC-ar+(1+e ”’)(
)(2 — a)e| X, (. m)lay 112%] -
Zk 1 (1 +e W) ( k+m]q 1) -

(2~ | Xy k 24

q
Xq(k.m)|ay ||z"]

k=2
i [+ mlg
(1+e7) (Tm]q‘ 1)

— art

k+m]q
1+m

— art

oo

~altllz - )

k=2

XqUe.m)|ay |12

1

k +m],
1+m]q

(1+e%) <

+ 1) + at| X, (k, m)|by |12¥].
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2 2(1 - a)l7l|z|{2

®, St = 2+ (1~ a)lt]
— X, (k,
Z[ (1—a)|'l'| q( m)lakl
=t 2[k+m]q
® W 2—(1—6¥)|T|
Xq(k,m)|by |
kZ (-l att el
>0

This completes the proof.

The function
(1-a)lt|

f(z) =Xr 2 2lkFm] X okt
2[k+mlq Kk?
[Trmilg —2+(1-a)|7|
(1-a)lt| =
+X k=1 Tl K2
Trmlg 1_2+(1-a)lt|

Where Y71 %k [+ 2= 11k | = 1,which
give the charppness for (2.1).
Theorem 2.2. Let f,, = h + g,

given by (1.10), a; = 1 Then f, is
orientation-preserving harmonic univalent in
Uand f,,, € M7".if and only if

[ 2[k+m]q
I [1+m]q

(1-a)l7|
Z’O(o=1 I 2[k+m)]

[+
2.(2.2)
Proof. Since M{*(z,y, @) € M7'(t,y, @),

then first part hold from theorem 2.1. The
second part, we will show that if (2.2) does

—2+(1-a)|t|

xq(k.m)ay

q
W 2+(1 0.’)|T|

(1-a)l7|

not hold then f,, € M*(t,v,a).
For fn & MJ*(z,y, ).
{ 1 +
|1+ )Rmf() (1+e?)

a.
Or equivalently
Re

(1-e0rz- £, | (1 a)r+("+$a 1)(e7+1)|zgGem)akz

[ —Zk:zzq(k.m)ak2 +(- 1)2m2k=12q(k_m)ak2k]

Re
-1y 1[([11“2}‘7 1)(eiy+1)—(1—a)r]qu(k,m)akzk}
1

[ =25, Xq(km)ak? +(—1)2m21°c°=1xq(k,m)akz‘k]

)

Re{
{(1 a)|.[|2 Zloco 2[(1 a)‘r+< k+$a 1)(e17+1)]Xq(km)a }

|T|2[1—§]k=2 Xq(k,m)akzk- 1+sz=1 Xq(k,m)akzk- 1]

Re
Zk 2[(1 a)r+([k+m]“ 1)(ely+1)]xq(km)ak k=1
>
I712[1-552, Xq(km)akzk-142 582 | xq(km)akzk-1]| =
0

The above condition must hold V y, |z] =
r<land0<|t|<1l.fory=0and|t| =
Tlet 0 <z =71 < 1.then (2.3)becomes

-a)llP-5i2| (3
I12[1-352, X Uem)ak

(e

>
[T12[1-%52, Xq(k,m)akzZk—1+ 552 | X (k,m)akz" 1] =

[k+m]

e —2)(1 a)T]ITIXq(km)akzk 1

2k—1

+35; Xq(k,m)akzk- 1]

2[k+m]q
e +2)(a-ay|ielXgGem)az !

Observer that the numerator in )2.3) is
negative if (2.2) does not holt. Thus 3
appointz, =1, in (0.1) for which (2.4) is

negative, which contradicts (1.11) for
fm€M&F (z,y,@). hence the proof is
completed.

Theorem 2.3. Let f,, be given by (1.10),
then it is orientation preserving harmonic
univalent in U and f,,eMé7*(t.y.a) if and

only
[ 2[k+m]
Tl

Theorem 2.4. let fm be given by (1.10),
then f,,eclcoM 87 (t.y. @) if and only if

fin = X1 (i + Ykgmk):

(2.5)
Where
hi(z) =z, h(2) =
_y Xq(kem )[(1,::)] —2+(1- a)lfl] L -
LT k=2 ] 2,k =
2,3, ...
vgmk(z) =
24 (~1)m —— 7*
xq(km )[[1+m] +2—-(1- a)['[]]
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k=1.2,...;

Y Xe+Y) =1 X, =0and¥, >0

In particular , the extreme points of
clcoM &7 (z,y, @) are {h;} and {gp, }

Proof. Assume that f,, as in (2.5),then

fm = Z?:l(thk + Ykgmk) =
Yk=1(Xy + Yi)z

— Xk= 2

A-a)lt|

)[(1":";‘1 2+(1-)lt| K

o (1-a)l7| _
+(_1)m Zk 2 k+maq - Zk
)[( +2-(1— a)lrl]

1+m)

Since

2[k+m]gq
Xq(k,m)[ e

k=2 (1-a)lt|

—2+(1—a)|'r|]

(1 -l

X, (k, )[ "*m)] —2+(1—a)|r|]

X

2, X (o) |l 42— (1= |
o]

+
k=2

(1 -l

[k+m]q _
s 2~ (1 )|

Y

X, (k, )[

=Y Xkt Y Ve =1—-X, <1
Thus feclcoM 8 (z,, ).

Conversely, suppose that

fmeclcoM 8 (z,y, a).
Set

2[k+m]q
Xq(k,m)[ g —2+(1—a)lrl]

2,3, ...,
and

2[k+m]gq
Xq(k’ )[ (1+m)q

Ve = -a)lt|
12, ...

Where Y7, (X, + Y,) = 1. Then
fm =
Z— Y, a zf+ ()" YR, b 7" =z —

oo (1-a)|7]
Yi=2 2Tkrmly Xpz* +
Xq(k, m)[(1+m) -2+(1- a)lrl]

+2-(1— a)lrl]

|b|, k =

A-a)lt|

(_1)111 Zl?:l [k+m]
Xq(k, m)[ (1++m> q

z + Yool X (h(2) — 2)]
+Yrea Ve (gmy (2) — 2)]
= X=Xk (hi (2) + Vi (gmy)]
As required.
Theorem 2.5. Let f,,eM &7 (7, y, @)
where |z| = r < 1.then

|fm] <
A+tr+
(1-a)|7|
2+m

{ Xq(@m) [ - 2+(1- ol

Y, z¢ =

+2-(1- a)l‘rl]

4—(1-a)|t|
mlq |T1|
2[2+ ] J

kxq(z )(1+m) —2+(1-a)l7|

and

|fm| <
(1 - ‘L'l)T -
(-l _
2l2+mlq ~
J xq(z,m)[(1+m)q 24+(1 a)l‘rl] !rz o
4—(1-a)l| - (4.

m Tll
qu(z )[(“ 4_p4(1- a)l‘rl] J

Ifinl < (1 + )7 + 5o (lag] + b Drk <
A+ r+r2Yp(lagl + [be]) = A+ 1) +
(1-a)|t|r?
Xq(2m )[(1+m) —2+(1- a)lrl]
2[2+m]q

9_p4(1- a)l‘rl]
I (1+m)
Yk=2Xq(2,m) ‘(11 e lax| +

2[2+m]
1+m)q

9_p4(1- a)l‘rl]

= |bk|] <A+tr+

(1-a)|t|r?

Xq(2m )[(1+m) —2+(1- a)lrl]
2[2+m]
(1+m)q

a-al|

X

9_p4(1- a)lrl]

Yi=2Xq(2,m) |ax| +

2[2+m]q
(1+m)q

(-]
(1- a)|r|
9_pp(1- a)l'rl]

4 —(1-a)lt
(1 - a)lt|

+2—(1—a)|‘r|]

|bk|‘ < (1 + Tl)r +

X

Xq(2, )[(1

T‘Z 1-— |T1|

IA

(-] N
2[2+m]q
(2m) (1+m)q—2+(1—a)lrl] ! .
4—(1-a)l7| re.
2+m
(1+m)

A+ t)dr +5

|74
g2 [ -2+ (1=l J
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3 Conclusion

In this paper we determined coefficient
bounds and other properties are obtained for a
class of Mé;*(z,y,a) extreme points of
closed convex hulls, and distortion theorems
are determined for a family of harmonic
starlike functions of complex order involving
Ruscheweyh-type g-differential operator
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