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Abstract :Sufficient and necessary coefficient bounds and other properties are obtained 

for a class of    
         , extreme points of closed convex hulls, and distortion 

theorems are determined for a family of harmonic starlike functions of complex order 

involving Ruscheweyh-type q-differential operator. 
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Introduction 

Let  be the class of functions: 

       ∑    
   

 
   

  (1.1) 

which are analytic in          | |  
  . Also let    denote the subclass of   

consisting of univalent functions in   . 

For     given by (1.1) and   given by 

       ∑    
   

 
   

  (1.2) 

the Hadamard product  

(Or convolution) is  

           ∑        
  

 

   

 

For             the  q-derivative 

operator    is given by   

(Jackson [7]) and other authors studied q- 

derivative operator     such as  ([1-5], [10]). 

 

       {

          

      
      

                          

  

 

that is 

 

         ∑        
    

 

   

 

where 

     
    

   
    

 

        

 

(Kannas and R ̌ducanu [9])  

  introduced and investigated the 

Ruscheweyh type  q- differential operator 

 

  
                       

∑
          

        
 
   

          

 

(1.3) 

where  

            ∑           
  

 

   

 

and    
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Observe that 

  
             

  
               

  
      

   
           

  
   

∑            
   

             (1.5) 

Let     be the family of harmonic 

functions       ̅  that are orientation 

preserving and univalent in   where     as in  

(1.1)  and 

     ∑    
   

 
   

  |  
|       (1.6) 

and   ̅    consisting of      ̅ 

where 

       ∑    
        

 
   

∑   

 

   
 
   

     
          

    (1.7) 

For        
      ,  be defined by 

  
            

 

  
         

      

  
      

 
  

 (
        )

  
 

   

∑
  

        
   

 
   

       (1.8) 

Recently, (Jahangiri [8]) applied q- 

difference operators to classes of harmonic 

functions and obtained coefficient bounds for 

such functions. Motivated by ( [8]  and  [9]) , 

we define the class    
      of Ruscheweyh-

type  q calculus harmonic functions  

  
      consisting of       satisfying 

  (
  

       

  
     

)           

where    
       and    

       are, 

respectively, given by (1.5) , (1.8)  and  

  
      

  
          

 
  

     
̅̅ ̅̅ ̅̅ ̅̅ ̅̅        

 

(1.9) 

The subfamily   ̅ 
       

     consists 

of harmonic functions       ̅  for which  

       ∑    
     

    
 
   

    
 ∑    

   
 
   

    
          

     

(1.10) 

Definition 1: 

For non-zero complex number     with  
| |                     let 

   
         be the subclass of     

satisfying  

  {  
 

 

[(     )
  

       

  
     

 

(     )]}       (1.11) 

and  

  ̅̅ ̅̅
 
           

          ̅  

Note that: 

       
            

       see  [11]) 

:
   [(     )

  
       

  
     

    ]     

 
       

            
        (see  [6]  

Definition1) :  

   *  
 

 
(
  

       

  
     

  )+     

2 M ain section 

Unless otherwise mentioned we shall 

assume that | |                 
         and            is given by 

(1.4). 

Theorem 2.1.  For       If 

 

∑

[
 
 
 
 

       

      
        | |

     | |
       |  |

 

       

      
        | |

     | |
       |  |]

 
 
 
 

 
    

  (2.1) 

 

then   is orientation-preserving harmonic 

univalent in   and       
          

Proof.  

Let (2.1) hold, first we prove that  f   

orientation-preserving in   it is sufficient to 

show that  |  
     |  |  

     |  
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|  
     |    ∑          |   | 

   

 

   

   ∑          |   | 

 

   

  

 ∑ {

       

      
        | |
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       |   |

 

}

 

   

 ∑ {

       

      
        | |

     | |
       |   |}

 

   

 ∑          |   |

 

   

 ∑          |   | 
    |  

     |

 

   

 

 

If        then 

|
           

           
|    |

           

           
|

   |
∑      

    
   

   

        ∑      
    

   
   

|

   
∑  |   |

 
   

  ∑  |   |
 
   

   

       

      
        | |

     | |
       |   |

       

      
        | |

     | |
       |   |

   

 

This gives the univalence of   . 

Finally, we prove that      
          

Using the fact that,  

  (    )   ⇔ |     |

 |     |  

we may show that 

|[      (     )] *  
      

       
     ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ + (     )   

        

       
       ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ |  |(     

   ) *  
             

     ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ +  

(     ) *  
        

       
       ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅+|     

|[      (     )]   

∑            
    

   

     ∑            ̅
     

   

(     )   ∑         
   

      
        ∑         

   

      ̅
   |  |(        )   

∑              
    

   

     ∑              ̅
     

   

(     )   ∑            
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 ∑ |       (     ) (
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  | || |  ∑ |(     ) (
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       | || |  

 ∑ 

 

   

       

      
        | |

     | |
       |   |

 ∑ 

 

   

       

      
        | |

     | |
       |   |  

   

This completes the proof.  

The function 

     ∑
     | |

       

⌊   ⌋ 
        | |

 
   

 
   + 

+∑
     | |

       

⌊   ⌋ 
        | |

 ̅
  ̅ 

 
    

Where ∑ |  |
 
   +∑ |  |

 
     ,which 

give the charppness for (2.1). 

Theorem 2.2. Let       ̅   

given  by (1.10), a1 = 1 Then    is 

orientation-preserving harmonic univalent in 

U and        
  if and only if 

∑

[
 
 
 
 

       

      
        | |

     | |
         

 

       

      
        | |

     | |
         ]

 
 
 
 

 
    

   (2.2) 

Proof. Since  ̅ 
           

          

then first part hold from theorem 2.1. The 

second part, we will show that if (2.2) does 

not hold then       ̅ 
          

For       ̅ 
          

Re{
  

 

 
[(     )

  
       

  
     

 (     )]}  

   

Or equivalently 

Re

{
        ∑ [       (

      
      

  )(     )]            
   

 *  ∑            
       ∑           ̅  

   
 
   +

} 

Re

{
      ∑ [(

      

      
  )(     )       ] ̅            

   

 *  ∑            
       ∑           ̅  

   
 
   +

} 

= 

Re{

{
     | |  ∑ [       (

      
      

  )(     )]           
   

| | *  ∑               
 

 

̅ ∑           ̅    
   

 
   +

} 

- 

Re

{

 

 

̅ ∑ [       (
      
      

  )(     )]              
   

| | *  ∑               
 

 

̅ ∑           ̅    
   

 
   +

}  

   

The above condition must hold     ⌊ ⌋  
          | |                | |  
                                

     | |  ∑ [(
       

      
  )      ]| |              

   

| | *  ∑              
 ∑           ̅    

   
 
   +

  

- 
∑ [(

       

      
  )      ]| |              

   

| | [  ∑               ∑           ̅    
   

 
   ]

  

  

Observer that the numerator in )2.3) is 

negative if (2.2) does not holt. Thus   

appoint       in (0.1) for which (2.4) is 

negative, which contradicts (1.11) for 

    ̅  
         . hence the proof is 

completed. 

Theorem 2.3. Let    be given by (1.10), 

then it is orientation preserving harmonic 

univalent in U and     ̅  
         if and 

only 

if∑

[
 
 
 
 

       

      
        

     
         

 

       

      
        

     
         ]

 
 
 
 

     
    

Theorem 2.4. let fm be given by (1.10), 

then         ̅  
         if and only if 

   ∑ (          
) 

      

       

Where 

               

  ∑
       [

       

      
        | |]

     | |
 
        

         

,   
    

            | |

       *
       

      
           +

 ̅  
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,k=1,2,…; 

∑                
    and      

In particular , the extreme points of 

     ̅  
         are      and {   

} 

Proof. Assume that    as in (2.5),then 

   ∑ (          
) 

     

∑         
 
    

 ∑
     | |

       [
       

      
        | |]

 
   

 
     

      ∑
     | |

       [
       

      
        | |]

 ̅  
    

      

∑
       [

       

      
        | |]

     | |
 
     

{
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       [
       

      
        | |]

}   

 ∑
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       [
       

      
        | |]

}   

 

=∑    ∑   
 
            

    

Thus         ̅  
          

Conversely, suppose that 

        ̅  
          

Set 
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        | |]

     | |
|  |   

        

and 

   
       [

       

      
        | |]

     | |
|  |   

        

Where ∑            
    Then 

   
  ∑     

        
   ∑     ̅

     
   

∑
     | |

       [
       

      
        | |]

 
      

  

     ∑
     | |

       [
       

      
        | |]

 
      ̅

  

  ∑               
     

+∑                
    

= ∑                    
    

As required. 

Theorem 2.5. Let     ̅  
         

where | |           

|  |  
        

{
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        | |]

   

  *  |  |
       | |

     | |
+ 

 

        

{
 
 

 
 

     | |

       [
       
      

        | |]
 

       | |

       [
       

      
        | |]

|  |

}
 
 

 
 

     



  

Mans J Mathematics Vol. (39).2023                                                                                             43 

3 Conclusion 

In this paper we determined coefficient 

bounds and other properties are obtained for a 

class of    
         extreme points of 

closed convex hulls, and distortion theorems 

are determined for a family of harmonic  

starlike functions of complex order involving 

Ruscheweyh-type q-differential operator 
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