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Abstract: A new closed- »rm solution is inalytically obtained for he joint probability
distribution that exactly n arrivals and k departures occur over a time interval of

customers at the

beginning of the interval. Hence, both the marginal distributions of the arrivals and the
departures are determined. Finally, some numerical computations and representations
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1.Introduction

Many researchers have been developed
different techniques to obtain the transient
distribution for the queue length of the
M/M/1/co. Most of them dealing with the
classical M/M/1 queue in one-dimensional state
model, which represent the number of the
customers at a given time [2-3, 6, 8, 10-12].
Also, the system treated as birth-death process
in which increasing arrival by one as birth and
departure decreasing by one as death. It is not
provide any information about the number of
arrival and departure customer. Indeed, the
solution of these models is very complicated
and includes the modified Bessel functions and
infinite series of these fuctions even for the
steady state case. In many potential
applications of queueing theory, the steady
state never ocurrs and the transient state is
always required for the system for example
barber shops or physician's offices not work
under steady state model. Pegden and
Rosenshine [6] have succeeded to design
M/M/1  queue in two-dimensional state
introduce a solution of the arrival and departure
process for the first time. However, the initial
state was not taken into account. Boxma [1]
has developed a new technique to overcome the
previously mentioned solution. He extends their
study to the case in which the process started
with initial customers in the system (i > 1). He
has used a creative method to avoid the use of
generating  functions in  his  solution.

Probabilistic interpretation and path counting
has used. However, the used method is
complicated. Sharma [7] and in Sharma and
Shobha [9] have interested to find closed form
solution of the model without reference to
Bessel functions. Also, he has started the
system with an arbitrary number of units at
time t=0 and has not interested in the initial
number of customer as in Boxma [1]. In this
study, our motivation is to solve analytically
the obtained differential-difference equations,
which describe the arrival and departure
processes in an M/M/1 queueing system.
Moreover, we obtain the marginal distribution
of the arrival process and we show that the
arrival process independent on the departure
process and the intial state. Kumer [4] has
proved that the arrival process is depending
only on the queue length. This paper is
orgainzed as follows: In Section 2, we describe

the model and formulate its differential-
difference equations. In section 3, we
analytically obtain the joint probability

distribution of the arrival and departure
process. In Section 4, the marginal distributions
of arrivals and departures are carried out . In
Section 5, some numerical results and graphs
are given to show the efficiency of the obtained
formula.

1. Model formlation
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Consider an M/M/1 queueing system with
FCFS discipline with arrival rate A and service
rate. u. Suppose the random process
{A(t),D(t);t = 0}, where A(t) represents the
number of arrivals, D(t) number of departures
and let N(t) be the initial number of customers
in the system at time t=0. We consider the joint
probability of the arrival and departure process
is denoted by

Pp,i (t) = B{A(®) =n, ) =k|N(0) =1}
t>0n=>00<k<i+ > 1
The Laplace transform of P, ; (t) is defined as:

Ynk,i (S) ‘ZJ. e ™5 Pyyi (t) dt.
0
Using the following transition diagram,

(n+1.k)

(n.k-1) (n.k) (n.k+1)

(n-1.K)

it is easy to verify that P, ;(t) satisfies the
following differential-difference equations:

Py i(t) = WPy g1, (&) + APn_q i (£) —
(A + M)PTL k,i (t),
n=>0 0<k<n+ii=>1 (1)
TlTL+l l(t) TlTL+l ll (t) AP‘I’I Tl+ll (t)
n=>0i=>1 (2
k
u
l'bOk l( ) - s+)L+u (S+A+u) ’ (12)
and for D(t) =1, glves :
Yo i,i(S) S+/‘llp01 11(5) '
lpoii(s) S_MIIJOL 11(5) ' i:Iﬁ.
_ 1 U -1
IIJO”( ) ms+l+u (s+/1+u)
1 P iil.
- 165 (13)
Case (2): when D(t) =n+i
Yn Tl+l,l(s) Py n+l—1,i(5) iv
i=12,... n>
1/’y+k k,i(S) =

ayy -1 k,i(s) +
b¢y+k k—1,i(5)
APy ig—1k,i(S) = a21/’y+k—z ki(s) +
abyy k-1 k-1,i(5)
azlpy+k—2 ki(s) = a31/)y+k—3 ki(s) +
a2b¢y+k—2 k-1,i(5)

a¥ kN i (s) =
a¥* 1o 1 (s) +
a?* b, k-1,i(8)
a¥* g ki(s) = a”* b, k-1,i(5)

by summing the previous equations, we have
y+k

2 am¢y+k—m k,i(s)

m=0
y+k
= z amlpy+k—m k,i(s)
m=1
y+k
+ b Z a" Py ik-m ke-1,i(S)
=0
Then

lpy+k k,i(S) =b an”‘o am¢y+k—m k—1,i(5)
After some simpllflcatlons Eq. (16) yields, we get

Pynri(s) = a0k (100 9)
lety + k =n, Weget

an k(n+ k .
Yori() = - moamb (M) k<ni
I(17)
But at k = n + i has been given in Eq.(1! ).
Then, from Eq.(15) and Eq.(17), we ha € 5« 1
part in Eq.(11). Eq.(17) is achieved for k <i — 1.
Then we have Eq.(11).
Now, we are going to prove the correctness of

lpn k,i (S)

This solution can be sho n by the foll v r
steps of induction (Pegden R senshine [t )
Theorrm 1 is right for v, ,;(s) with n >0,

h<i- L
Yo 7 75 cight. If theorem 1 seam d oroght
for y,_1:(s), then it is right for ¢,, ; ;(s), n = 1.
If theoream 1 is assumed right for y,,_ 1 ;(s) and
Yn k-1,:(5), then it is right for v, ;. ;(~ with
n=1i+1<k-i+n- 1
If theoream 1 is ¢ right 0 b jn-q:(05),
then it is right for 1y, ;45 ;(s) withn > 1.
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Each domain of these steps in the state space
{n>0,0<k<n+i}ispresented in the
following figure:

Kk
(iv)
k=i +n
(iii)
i (i
(i)
0 Tn
For (i), starting with g ¢,;(s) = s+7L+ﬂ
we get from EQ.(12) g :(s) =
_1 gk
S+A+p ' 0=
k<i-1
and also, we have
l/)n 0,1(5) - alpn 101(5) -
=a 1/)0 Ol(s) s+),+ﬂ n 20
Then, we prove
Kk (N + k
Vni(s) = S+A+u a’b ( n )

By induction on n, k as follows, using Eq. (6).
If this form is assumed correct for
Yn-1ki(s) and Y1 4, (s) , we get
aAPn_11,i(s) + by _1,:(s) =

et (PRI 4
s+/‘t+u a" b* (n +T]i - 1)

()
+(n+k—1)} 1

n s+l+ua
=" e

For (ii), we prove
anbi n+i anbi
i = o (0 ) -1 oz
By induction on n, we already know that

nbi—l
Yn i—l,i(s) =

nbk

a" b = P ()

m(n+ril—1)_

Using Eq.(12) and starting with ¢, ;;(s) =
Y

we get
P i—1,i(8) + bPp_1;(s)

_avWirm+i—1

_as+/'l+u[( n—1 )_1]+

an—lbi anbi—l n+ l —_ 1
s+A b S+A+u ( n )

- sir/lli [(n:l_ l) - ]+ P = Pni(s)

a

(i), if ) assumed correct for
Yn_1 k,i(s) and Yy k—1,i(s), we have

aPn_1k,i(8) + by k—1,,(s)

n—1bk _ _
=ar sl Ca i) -G
nbk—l _ _
bl D=0
b O n-1+i-m n—1+i+m
ta s+/1+uzn—1+l+m( n—1+1i
e abl Snriom
e s+/1+uZ n+it+m
_ (n -Ir_zl-l—-I_L m) pk—1-i-m+1 )
nbk nbk
L [ R

m=0

= lpn k,i(s)’
This is established in ( Appendix B).
For (iv), using ¥y, n4i-1,:(s) , we get

< (m+i—-—m)m+i+
—i-m+1 — nri+m
'Zrk ((n+i+m)( n+i )>

s+1¢nn+l 11(5) =
pa™™itl rn+i—1\ 2n+i—-1
(s+A)(s+A+p) [( n ) ( n+i )] +
patpmti-t 1 n+ti-m M+1+m\_n-m
(s+A)(s+A+p) Z 0 n+ti+m ( n+i ) r
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l/)n n+i—1, l(s)

S + ){nbn+l .
)

anbn+l

lnuktk_i
(n+i—1)!(k—1)!
An'uktk—i—l
(n+)!(k—i-1)!
. while

—at ¢ —UT n+i—1 _
e [l et drt

- t _ i—
At fo e ~HT nti 11. dr

4 Zn+i—m(n+i+m)rn_m+1 t '
stAtplantitml nti f et g
m= 0

T os+A+p AM=0p4itm n+i
=Py n+i,i(5)

Thus we have completed the proof of
Theorem.

2. The joint probability distribution of
the arrival and departure processWe invert
Y ki(s) inThearap 1 t9 ohtain the joint
probability i r vt r 1 |t

i. forn>00£k$i—1.

uk
nkl(t)_ — e—(/'L+u)tt(n+k)

el )

k=01 . . - (18)
ii. fori<k <i+n

{(5)= ()} et apm et quryk
(njlk) n! k!

k=ii+

Py k,i(t) = +

by i (1),
1,....n+i (19)

Where
An g nti- m(n+l+m>
n+i |

bn k,i(t) =
)k i-m

]t —A(t- r)(t e
Jo (k—i—m)!

TTl+l+m 1

'(n+i+m—1)!d
'p ying the binomial theorem to simplify

by i (0,

n+i+m

-(A+w)T

bnk,i(t)
k—i
— An‘uk e—ltf e ~HT gnti-1 (Tl+i
m=0
m (t—T)k i-m
_m)

m!(n+1i)! (k—i—m)!

k .
Atu —Atf g KT pnti-1 Z nti-m
(n+i)!

D™ by () =

m'(k i-m)!

:f01 e MO (t)" 1t dw

n+i-1 1 _ .
= fo e utwwnﬂ 1t dw

tn+l (n+i-1)! (

- i—1 (ut)"
(uoyn+i —e™ Z:}:(l) ! )

r!

(n+i-1)!
== Eni(t 1),
Similarly,
t _ ; (n+i)!
J, ettt dr = Goprret Enviva (6 1)

then we have

br ki (£) '
_ Anykk=i e m+i—1)! E® (1)
“ri-DIG-0 C P nei
Anpkekt . (n+D)! |
S+ (k—i—1) € i Ensis1(t; )
ny k—ipgk—i _
: L(lk—i)! e~ [En+i(t} 1) —
(k=)
_lEn+i+1(ti ﬂ)]

By substituting in P, j ; (t),we get

Pn k,i(t) ' I
+ n+
O - G ek aon ewequoy
(n + k) n! k!
k- l k— ?
P . .
+W A [En+i(t»#)
iy
- ( ut ) Entiva (6 .“)]
_ (lt)n(ut)k e—(/1+u)t (lt)n(ut)k e—(A+u)t
a n!k!  m+ ) (k=10
pr(u)<t
B CEDT A Enyi(t; 1)
pr(ut)k it

_ - ¥z -t . .
(k —ji— 1)| e En+1+1(t' ,Ll)

m(t_
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Pnk,i(t)

B (ﬂ.t)n(ﬂt)k e~ A+t

B n! k!
pr(ut)t

T k—i-Dr e Eprini (G 1)
pru) T
(k 1)' A [En+i+1(t; :u) ]

Hence,we have the probability distribution
of the arrival and departure process
Pp () =
(At)n(ﬂt)k e~ (A+mt
n! k!
ke — i\ pt(ue)t
+ (1 - ) (k _ 1)| e At En+i+1(t; ,Ll)
The final expression is simpler than that in
Boxma[1].

This leads to obtain the following main
results:

Theorem 2.

Let Pnk,i (t) =
PA{A(t) =n,D(t) =k |N(0) =i},

nZ Olk= l;l+1,,n+l
Then
Pn k,i(t) =
A (ut)k e~ A+t
nlk!
k—i) p™(ut)k oAt W
(1 _F) (k—1)! CENia () (20)

where E,,,;+1(.; u) denotes the Erlang- n
distribution with expectation nu:

- —1 ()"
En(tiw) = (1 e 2123

n+l Pnk l(t)
@AO" -+t ynti WO (ut)* n

n! k!

o2 (w +i W)k
‘ nETL+l+1(t)( pak (k=i)!

n+i WOkt
k=i+1 (k l 1)|

(/'lf) -1 t + (#t)
n' (A+u) Zn i - +
()™ f)
p En+1+1(t .u) £

_apr _ (#t) (un)*
- n! e (l+#)t [Zn+l +Zk =n+i+1 k! ]

_OD™ A+t oo (ut)"
~ A+w > o

_@o™ _a¢

=€ (21)

Which is the Poisson distribution with mean
At. This is independent of the initial state i and
the parameter u of the service process. Kumer
[4] proves that The arrival rate is increases than
queue length is also increases.

4.2 Departure process

We consider the marginal distribution for the
departure process {D(t)|N(0) = i}

Case(i) D(t)=k,0<k<i-1,
we have P {D(t) = k|N(0) =i} =

oo o e MADT e H(unk
ano Pnk,i(t) = Zn=0

_ ok _ o At _ t
et U0 e DO e
(22)
Case(ii D)=k, k=i

Z P (1)
n=0

e ()T N (0" (ut)! e
= e 0 a Z n!il
T
r=n [e]
+ Z p" e_MEn+i+1(ti D)
4.The marginal distributions of arrivals and ; n=e
departures —p—Ht (”l_t') +
4.1 Arrival process Yo pt e M eHEye +1(#t)"
n= v=n+i
The marginal distribution for the arrival ; v
process {A(t)|N(0) = i} is given by :e‘”t% +
(Ml:{A(t)lN(O) - i%’ ok n+l Pnk l(t) _(/Hﬂ)t v i+1 (#;!)v ZZ;E)M)
- I .
- A+t Zn+l o + :e‘”tw " e‘(/“'li)t Zoo .(Ht)v 1-pV-i
-2 (w ()t il v=i" —p
e p Bl (O TR (1 -2 6
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g t(llt)i
Y=o Pnii(H)=e ™ —=+
e~ (AFmt o (ut)?
1-p v=i -

v!
e—(l+u)t: p—i o (lt)v

1_p v=i

-At
— Ei(t;u) —

v!

i
—,—ut (ut) e
e o +

E;(t; /1)

e Mt pi
1-p
_t (ut)t 1 _
e Mt e EGW -
e pUEWGD]  (29)

Case(iil D(t)=k, k=i+1

Z Po,i(t) =
n=k-i

i (A)" (ut)* e~

nl k!

—i

o Ptk

Z (k—l—l)' e M Entip (1)
=k-

n i

Zoo p”(ut)’” _
+ 1), At Enviva(t 1)
=k—

i

Zn:k—i Pry,i(t) =

k! n!
n=k-i

(‘ut)k—i—l _ N
k—i-1)1 ° A Zp" (G 0)
' n=k

W o
K=D! e M ZP" "Epyq (6 1)
n=k

= pHt (u)* et y© @a"

k! n=k-—i nl
(At)k_i_l _
TGeionr 6 A ek P K By (6 1) +

@*t At v -
or € M ek P  Enga (6 1)

=e—nt (”t) Eo_i(6 1) +
k=i (At)k i _at N
oo A)] - (29)
where
Y k=0 P K E 1 (G p) =

t pn k (uo)v
e ! n—k Zv n+l

_—too(llt) v— n
_e#vkv'z

k
t #t)vl P’
= e K _—_rF

Zv k 1-p

= LB u) — pke@-E, (t; 1)

Clearly, at k =i Eq. (24) gives Eq. (23).

Also, we can confirm the normalization
condition

2k=oP{D() =kIN(0) =i} =1,
as the following:
Y=o P {D(@) = kIN(0) =i} =
, k k
Yicoe ™™ % + Ye=ie ™ %Ek—i(t; 1)

k—=i\ (Ap)kt
+ 2= 1(1__) (1-p) (k—1)!

e M pKE (t; )]

[e ™M Ep(t;) —

k d k
e 7 > e-#f(“]:) Eei(t; 2)

k!
k=0 k=i+1
1 oo DR (u)
e LG 0'(
(o) t v
+(1-p) (Mv!) )
v=k

3 e‘#t e_At had (At)k_i (Ht)k
-p° L&-D &

i

e k
Z P{D(t) = k|N(0) = i} = Z ot O~

k!
k=0

SR

k=i+1 v=k—il
Lo o (D (ue)*
(1-p) (k 1)' k!
C (At)k Lo (ut)?
— 1)/ |
e (k—1i)! 4 V!

v=

B e Mt e—At ot (At)k_i (,th)k
(1-p)  &k=D! Kk

_Zk pe H—— (“t) + e~ @A+t

k!
(ut)* (,u) (At)?
Zk i+1 k! (Zv = +Zv k—i )

v!

+ e_(l'l'ﬂ)t

i e o)k (ut)*
= Yk=oe M te ”tzk i+1

k!
= e Hteht =1,

Since
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chf:l(l _ﬂ) a2 Ex(t;p) =

(k—D)!
w @ADkt
Y= = Ex(t;p) —
w @kt
Zk i (k=1)! k+1(t;l'l')

- oo (lt)k_i o (ut)?
=e€ ut Zk i (k—i)! (Zv:k Pl -
(#t)”)

v!

va k+1

- o @AOKTT r(uok
= e7M Xk (k—)! ( k! +(1-

o (ut)?
p) Z‘U=k ”U! )

and

Pz (1-

k—i\ (At)k—ip~k DN
?) oo BB ) =

k—i
e () -

k=i (k—i)!

(ut)
Zk i+1 (k—i— 1)|

Ek(t; vy,

—\"0 (ﬂt) .
=y = - Ee(2) —

o (ﬂt)
Zk i (k— ), k+1(t /1)

0o (Ut)

Zk i (k—=1i)! (Ek(t A)
_ -t v mOFT@nk
=e™" Y= (k-i)! k!
Clearly, the probabilities sum is one.

Zn 0 Zn+l Pnk l(t) Zn 0 ((/‘:!) _/‘lt)

—  —At v @amn
=€ Zn:O n!
:e—/'ltelt =1.

Epq (6 /1))

(/11')

where YEL P i(t) = e"“ as

obtained in Eq (21).
5. Numerical Illustration

The analytical results obtained in the above
sections are numerically presented in this
section. For the new formula Eq.(20) of the
given queueing model, the transient-state
probabilities are plotted for diferent values of
Aand u and the results are shown in Figs (1)
and (2). Also, the special case Pgyoo(t) for
different values of A and u are ploted in Fig.
(3). From the given figures,

we can see the probability values increase
initialy and then decrease before reaching the
steady state for large values of t.

o
w
m

o
w
//

—— P10
—— oM
P11 ]

P32

A —— P41 ||

=)
[N
L]

S
i

o
m

Probahility values

o

0.05

Time

Fig 1: Time-dependent  probabilities
Py 1e,i(8), k<i—1Vs  Time
forA=05and u=15

0.4

——P100
035+ /\ — P01 |
[ Pit
\ P32
I —— P54t |

o
w
e

o

)

[33]
e

Probahility values
o
N
e

a5kl N\
\\
0.1 \

0.05

Figs 2: Time-dependent probabilities Py, ;. ;(t) k <

i—1 VsTime
forA=1and u=2

!

—Fna)

— — —
T == ==
Probability «walues

Probabilitty walues

—=
r—

—

Figs 3:  Time-dependent
Py o(t) Vs Time.

In the right figure A = 1and u = 2 and in the
left A=05and u=1.5

probabilities
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Table 1 Results on the Sum of Py ;(t)

—At n
Alp dp pgnnli it ¢ n(’lt) ZP"'“(t)
2 2 1 1 1 5 0.000454 O 000454
2 2 1 1 1 3 0.014873 0.014873
2 2 1 1 1 4 0.002684 0.002684
2 2 1 2 0 2 0.146525 0.146525
1 1 1 1 1 1 0.367879 0.367879
1 1 1 2 0 5 0.084224 0.084224
4 4 1 2 0 4 0.000014 0.000014
1 2 0.5 1 1 5 0.033689 0.033689
1 2 0.5 1 1 3 0.149361 0.149361
1 2 0.5 1 1 2 0.270671 0.270671
1 2 0.5 1 1 4 0.073263 0.073263
1 2 0.5 2 0 3 0.224042 0.224042
1 2 0.5 2 0 4 0.146525 0.146525
2 1 2 2 0 3 0.044618 0.044618
2 1 2 2 0 4 0.010735 0.010735
4 2 2 1 1 4 0.000002 0.000002
4 2 2 1 1 3 0.000074 0.000074

The formula given in Eq. (20) depends only on
the correctness of the inversion of ¥, ;(s). A

numerical check of (20) based on the relation

n+i

—At n
PUMING) = i = T z Prsei (0

Appendix A.
We will prove that

1l’y+k k,i(S) =b anﬂi) am¢y+k—m k—1,i(5)

1. Fork =1,

y+1

¢y+1 1,i(5) =b Z am¢y+1—m O,i(s)
m=0
= b¢y+1 O,i(s) + bad}y O,i(s)

+ bazlpy—l O,i(s)
4o g ba’ o,i(s)
+ bayﬂl.bo 0i(s)
where 1y, 0,4(s) = 77 from ().
Then we have
ay
¢y+11z(5) s+/'l+u as+A+u
2 a -1 y y+1;
ba® oo+ .+ ba M” +ba”™
(y + 2) times
+1
o (Y2 @b
¢y+11,z(s)— ( 1 )S+A+,u

(Y 2\ vty
_(y+1 s+A+u’

1. For k =2,

y+2

Yyi22i(s) =b Z a™Py42-m1,i(s)
-y

=by421,i(s) + bay 41 1,(s) +
ba2¢y 1i() + -+ ba¥* Py () +
ba”**, 1,i(5)
_ (Y + 3 a¥* b y+2\atth
_b( 1 )s+/’1+u+ ba( 1 )S+/1+u+

ba? (V7 Py ek b (D)

ba”*? (1) s+/1b+u

- (y -Zl_ 4) C;J:;::i ’

For non-negative integrs n,r and a
n

2= (106
v=
2. For k = 3,

y+3

Yyis 3i(s) =b Z am¢y+3—m 2,i(8)

Yy433,i(S) = by y34,(s) + bayy;,;(s)
+ba*hyy12:(s) + -
+ ba¥**y, 2,i ()
+ ba¥* 31 ,,(s)
1 (Y + 5\ a¥*3p? y + 4\ a¥*? p?
_b( 2 ) S+A+pu + ba( 2 ) s+A+u

ba (75 %)+ e ()

ba”*? (;) s+l7):-u

_ (y + 6) ay+2 b2
3 /s+A+u
_ (y + 6) a¥+? p2
y+3) s+a+p’
For any k,

(Y + 2k vtk pk
l/)y+kk,i(s) = <y+k)m

Then we have

d)nkl( )

s+A+y (

S 4+
- ==
= —
IA

Appendix B.

In this part, we have to simplify the sum of the
following two terms:
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(a*nb™k)/(s+A+w)Y_(m
=0)MNk—-DEM—-14+1i
-m)/(n—1+i+m)(H(n
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—1)/(s+A+p) ¥ (m
=0O)MNk—-1-DEMn+i
-m)/(n+i+m) (BM(n+i

+ m@n + 1))
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n+i+m—1 n+i
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s+A+u mzl(n+i+m—1 (n+)!m)! (n+i+m)
(n+i+m)! m k—i—m+1
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=(a™m b k)/(s+ A+ rMk—i+1)+
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