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ABSTRACT1

Theoreticsl analysis is presented for heat transfer to an
egsentially constant turbulent boundary leyer from the surface
of a flat plate having non-uniform tempersture. The solution
is based on the hydrodynamic theory of heat transfer and an
expression for the locel Nussgelt number is derived. It is shown
by calculation that with surfasce temperature increasing in the
direction of the flow, the rate of heat transfer to the boundary
layer is greater than that what would be predicted assuming qu-~
asi-uniform surface temperagture snd vice-verss. Also, the pre-

sent analysis is shown to agree well with some existing experim-
entel data.

NOMENCLATURE:
a  molecular thermal diffusivity = K/_;)Cp;
ep » turbulent thermal diffusivity = KT/-/’cp'

C. » specific heat at comnstant pressure;

h , local heat transfer coefficient;

K , fluid molecular thermel conductivityj

KT y fluid turbulent thermal conductivity;

Nu_, local Nussgelt number = h x/K;

Pr , prandtl number = A cp/K;

q . density of heat flux from plate;

Qe dengity of heat flux from plate assuming quasi-uniform
surface temperaturej
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density of beat flux across the laminar sub-layer;
density of heat flux across the turbulent part of the
boundary layersj

local Reynolds number =pu,, x/ Mj

shearing stregs in the leminar sub-lsyer;

shearing stress in the turbulent part of the turbulent
boundary layerj

local Stanton number = h/ pu Cp = Nu}c /Rex. Pry
temperature of the fluld in thermal boundary layer;
average température at any point in the turbulent part
of the turbulent boundary layer;

fluid temperature at the outer edge of the lgminar asub-
layers;

temperature of the plate surfacej

fluid temperature at infinity;

velocity component along axis Xi

average veloclty component at any point in the turbulent
part of the turbulent boundary layer;

velocity component at the outer edge of the lgminar sub-
layer;

free-stream velocity;

linear coordination calculated along the plate from the
front edge;

linear coordination calculated normal to the platej
thickness of hydradynemic boundary layer;

thickness of hydrodynamic leminar sub-layerj

thickness of thermal boundery layer;

thickness of themal laminar sub-layer;

thickness of themal lsminar sub-layer with uniform surface
temperature;

ratio of heat fluxes g/q,; and determined by Eq. (el)y
coefficient of surface temperature non-uniformity, end
determined by equation (14)j

dynemic viscosity =_py}

coefficient of turbulent transmission of momentum = 0 ¥Yni
kKinematic vigcosltys

turbulent kinematic visecosity;

fluid density.
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INTRODUCTION:

The case of the heat transfer to a fluid flowing over a
plate with an arbitrary variation of surface temperature t(x)
is widely encountered in engineering applications, and its
calculation presents maeny difficults. In meny cases, these
are created by the fact that the local heat flux is by no me-
ans determined solely by the local temperature difference
twl®)=too) «

The case of the laminar boundary layer in the presence of
a surface temperature which ie arbitrary distributed along the
wall was worked out in [1] ' [2] ' [31 and others. Moretti and
Kays[4]have studied experimentally heat transfer to turbulent
boundary layer with varying surface temperature and varying
freestreem velocity, and for the purpose of the compsrison with
an analytical solution they have worked out an empirical modif-~
ication of the Mmbrok solution[2] which has studied the effect
of the surface temperature variability on heat exchange in
lgmingr boundary lsyer. They have obtained a relation for heat
transfer to the turbulent boundary layer over a flat plate with
a step-wise variation of surface temperature as followst

St(& ,X) = 0.0295 Pr0°% Re™0:2 (1 -(4/x)] “0-12, (a)

where £ 18 the distance from beging of plate to a step in surface
temperature.

The prosebnt analysis 18 concerned with the ateady neat
tranafer to turbulent boundary layer over a flat plate whose
surface temperature is arbitrarily bon-uniform. 4 solution to
heat transfer equation is proposed and a practical example is
given in support of the validity of the present solution.

ANALYSIS:

The theoretioal atudy of the heat transfer te the turbulernt
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boundary layer is based on the hydrodynamic theory of heat tra-
nsfer, .This makes it possible to drive calculating formulae for
heat trapsfer based on friction calculation. The hydrodynamic
theory describes the mechaniam of the turbulerxt heat transfer
sufficlently well for practical purposes.

The system shown schematically in Fig. (1) consists of a
semi-infinite flat plate whose aurface temparature ty 18 assu-
med to vary with x arbitcary. The free stresm velocity u, aund

temperature t_, are taken to be constant and the flow ie pea.allel
to the plate.

With a turbulent boundary layer and during heat transfer
there is & thin layer of fluid in lsminar flow st the surface of
the plate (a laminer sub-layer) in whioh there is a considerable
variation of velocity u and temperature t in direction of the
y axis. The shearing stress and the density of hest flux at an
arbitrary plane of the laminar sub-layer parallel to the plate
surface can be determined from the equations

SB-': dat g; ’ tesrsvrana (1)
and at @
= =K ) Sesnesenne
' ay

Assuming a lineagr distribution of velocity and temperature
in lepinar sub=-layer, equations (1) and (2) can taks the follow-
ing formst

u Ug
Bg= &= &g 0K YLy g1 weee (3)

and t - ty tg-

Qg = K ——T— =z K ‘7——1:—“’ H 0<J’<‘t’9.-.(4)

t,8

Combining the two equations (3) and (4), we get

K tg =t )
qBBSB.T.J—UJ.?%:‘: IER R R R RN (5)
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In the turbulent part of the turbulent boundary layer,
disregarding the molecular transfer of heat and momentum, the
relation between the density of heat flux and the shearing
stress can be regarded from the following equation

-8 .1 %3y
% BT.‘U'T.?E/ay

- K t Y dwloy
BT * ‘u . a yT a_u/ay YRR (6)

Assuming that the turbulent thermsl diffuaivity is equal
to the turbulent kinematic viscosity (ap = ¥q), the distribut-
ions of average temperature t and averasge velocity u im the
turbulent part will be identicals. Thus, for the turbulent

part of the turbulent boundary layer, equation (6) oan be rew-
ritten in the following form

K ot/ 0y
qT=_ST. pm . Pr. m. TR R E (7)

As Jh’a«(fh ’ St'g« 5t and Jh ’:Jt s 80 we can write
equation (7) as follows

K too- tg
qT=-ST' T' Pr. Ugg = us | Seesve v (6)

The amount of heat transported by turbulent flow across
the turbulent part of the boundary leyer is squal to the smount
of heat transported across the laminar sub-lgyer (qT-= Qg = qQ),
because there is no break in the asmount of heat flux at the outer
edge of thermal sub-laysr y = Jt,s' Assuming that there is no
difference between the tangential stresses in equations (5) and
(8), and solving these equstions gccording to ty and Ve, we get

J-
teo= t, = —&n—-—é;- [uw-i- uB(PI‘. TE—?E - 1)] y esvee (9)
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or
h = 3 = SB E‘p ’ L] I R ENERNNN) (10)
Too = ty u + ug (Pr."m -1)
h,s

It 18 possible to obtain the lamin@r sub-lsyer thickness
q; g @8 follows:s In Fig. {(2) curve (1) is plotted as a linear
1]

distribution of velocity in leminsr sub-layer according to equa-
tion (3), and curve (2) illustrates experimental dats for the
aversge velocity distribution in the turbulent pert near the
sub-layer [5]. The intersection of the two curves (1) end (2)
glves a relation for calculation the thickness of the lamir:r
sub~lgyer in the form

Go,s % 127 (pr8 Y% eererens (11)

From equations (3) end (11) we get

_uB=12 (SB /‘}))% X EEEER] (12)

e ratlio of the thickneas of the thermsl sub-layer over
a ™+ late with non-uniform surface temperature J; 8 to the
| ]
thickness of the lamingr sub-layer Jh g can be written in the
"
form

Jt,a J%,s J;,s,c
5 =J X J 1 dr s as e ars (13)
where ( J; S/ Jf,s c) 1s the ratio of the thickness of the

¥ ’
thermal sub-layer over aflat plate with non-uniform surface
tempsrature to the thickness of the thermal sub-layer over a
flat plate with uniform surface temperatwre, and can be calcu-
lated from the followlng expression [ 1]

X
Js [ [ (b= 2 ax

a8
0t,8,c [ X(t o= ty) 2

0,5
]l ét,x '] 0..00'(14)

and

(d’t,s,c/ ;h,g) is the ratio of the thickness of the themmal
sub-layer over a flat plate with uniform surfaoe temperature to

the thicknpess of laminer sub-layer, and can be determined by [5]
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t,s,c

- = (pr)~1/3 erneeness (15)
h

s B

Substituting equations (12), (13), (14) and (15) in equa-
tion (10), we obtaln

S. « C
h - B R Tesosennss (16)

Uge+ 12 VSs/Jo (t'-t’x-Pra/él)

The shear stresses acting at the well are characterized
in hydrodynamics by the definitian

SB'-_cf (Pu%o /2). cessanss (17)

Substituting the value of S_ in equation (16) and dividing

both sides of equation by ()ou,,,cp). we obtain a relation for
Stanton number

Nu_ Cp/2 (18)
St = m—=— = - °
X~ To_.pr 1+12 \Cp/2(8y, L Pre/3 )

The locel friction coefficient of a turbulent boundary
layer over a flat plate can be determined from the following
expression [ 6]

Cf/2=0'0296 (Rex)-O.2 ---........-(19)

Combining equations (18) and (19) we obtain

-0,2
0,0296 '

Stx = 2 29 Rexf 00000(20.3.)

1+ 2,064 RezOP1( &y . Pr¥/)

or 0,0296 Re2*® . Pr

Nux = ooc-o(QOQb)

1 + 2,064 RegPv1( Ct’x.Pral3-l)

Equation (20) is the mathematical expression of heat trans-
fer to the turbulent boundary layer over a flat plate with non-
uniform surface temperature.
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The relstion between the heet transfer to the turbulent
boundary layer over & flat plate with non-uniform surface tem-
perature to that what would be predicted gssuming quasi-uniform
surface temperature can be written in the following form

142,064 Rey 'l (Pr¥3 - 1)
q = 0!1(21)
% 1+2,064 RezOrLl (& . Pr¥3 )

Equations (21) and (14) indicate that the ratio (g/q.)~> 1
as the temperature difference increases slong the plate, and

vice-versa.

CAICULATION AND COMPARISON
WITH OTHERS EXPERIMENTAL: RESULTS

Presented analytical solution is of limited usefulness
urless it can be compared ageinst an experimentsl data. For
example, the experimental dsta by Moretti and Kays (4] has
been chosen for comparison with the present anslysis. The
experimentsl data by Moretti and Keys for test runs with sur-
face temperature steps at two different points and with const-
ant free-stresm velocity and temperature are shown in Fig.(3)
and (4). Equation (20) is plotted for the two cases, end the
results are compared with the experimentsl data [4] . From
Figs. (3) and (4) we conclude that the present anslysis is
shown to agree well with the experimentsl data by Moretti and
Kayse Also it is clear that the present anslysis is more
agreeabe with experimental data than the empirical modificat-
jon of the Ambrok solution for step-wisge variation of surface
temperature [4] .

Equation (2l1) is plotted in Fig. (5) for the ebove ment-
joned two cases. Fig. (5) shows that the heat transfer to the
turbulent boundary layer over a flat plate with a step rise of
surface temperature is greater than what would be predicted
assuming quasi-uniform surface temperature.
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CONCLUSION

The presented solution and calculation performed show that
the calculation of the local rate of the heat transfer to a
turbulent boundary leyer from a non-unjiform temperature surfsce
by assuming quasi-uniform conditions would involve a substantial
error, particulary when surface temperature varies with a relat-
ively high rate along the plate.

The difference between the local rate of the heat transfer
from a non-uniform temperature surface gnd that what wouid be
predicted assuming quesi-uniform condition gets bilgger as the
temperature difference is increased, and vice-versa.
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Pig. 1. Physicel model end coordinate system.

g) Hydrodynamic boundary layer. D) Thermal boundory layer.



121

M.Awad
Y 4da
u 24 - - 1 ob b
/___‘
P 20
-2
16 )
12 “} Y
i 5'-"-“, ‘d “T7 L ﬂl-"_'
8 L ):” water
A

% 2 & 0 2 & W02 & 10'9(‘;/3

Fig. 2. Velocity distribution in a turbulent boundary lsyer
over a flat plate

1) Velocity distridbution according to Eq. (3)»>
2) Experimental distrtribution of average velocity in the
turbulent part near the laminar sub-layer [5].
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Fig. (3). Heat transfer results for late temperature step.

l- present analysis, relation (20),

2- Empirical modification of the Ambrok solution
for step variation of surface temperature [4] ,
ose Moretti and kays experimental data [47] .
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Pig, (4). Heat transfer results for early temperature step.
1- Present analysis, relation (20),
2~ Empirical Modification of the Ambrok sdution

for step variation of surface temperature [4};

000 Moretti and Kays experimental data | 4],
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Fig. (5). Heat transfer ratio (q/q,) for a step-wise
variation of surface temperaturae.

1~ early temperature step {Fig. (3)],
2~ late temperature step [Fig. (4)] -



