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1.Introduction

Let S be the class of analytic univalent [k]qzl—qk (0<q<1). (1.7)

H . 1-q
functions of the form: Recently for f(z) €S, Govindaraj and

0 K . . -
f(2)=z+ zeU={z:z7eCz|<1}. (1.1) Sivasubramanian [11] (also see [13]) defined
@ Z‘ak z { lzl<13- (1D) the g-Salagean difference operator by

For f(z) € S, Salagean [15] ( see also [2]) Df(2) = f(2), (1.8)
defined the operator D™ by D;f(2) = zD,f (2), (1.9)
Dlof(Z) = f(2), (1-2), :
D@ =Df@ =2 (3) D) = 20, (031 2)
D f(z) = D(D™1f(2)) i[k] a /
> n k =z 4 k=2 4 (n € Ny, 0 <
=Z+kz_2:k akZ (n € No = q<1l,zel). (1.10)

NU{0},N={12,...}). (14) We observe that

For 0 < q <1 the Jackson's g-derivative of “m D.f@=D"f(2)

f(z) € S is given by [12] (see also [1, 3, 7,10, 1 where D' (@) i
16, 17]) defined by (1.4).
f(z)- f n
H for z=0, Using the operator D, andfor0 <a<1,0<
D, f@=1 (1.5) Yy <1,8=0 and n € Ny, let S,(n,y,a, B) be
f (0 for z=0, the class consisting of functions f€S
satisfying
and DZf(z) =D, (qu(z)). From (15) we (1-7)z Dq(D; f@)+rD,( Dq(D; f(z)))_a
have L-1D,f@+2D,D,f)
D, f(2)=1+ kz_;[klak S, (1.6) >ﬁ\(l—y)z D.(D,f@)+2D,zD,(D,f@)
) ‘ 1-7) D:f(Z)H/Z Dq(D:f(Z)) |
where (1.11)
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Let
:{f es: f@=-2-Ya.Z" akzo}
k=2

and

T,(ny,a,p) =S,(n,y,a,f)NT. (1.13)

Specializing g, n,y, @ and 3, we have
lim

i 1 T,(n,y,a,0) = P(1,y,a,n)

and Srivastava [6] with j=1);

(ii) T;(0,0,a,0) = C,(a) ( Seoudy and Aouf

[177).

2 COEFFICIENT ESTIMATES

Unless indicated, we assume that —1 < a <
1,=200<y<10<g<1l,neN,f(z)€
S andz € U.

Theorem 1. A function f(z) € S,(n,y, a, B) if

(Aouf

Skl p)-@phe k] -val<r-a

(2.1)
Proof. It suffices to show that

@-12D,(D;f(@)+72D, (2D, (D (@)
| -»D,f@+2D,(D;f@)

. Re{(l—y)z D.(D;f@)+%2D,D,(Def @) _|

L-7)Df@+2D,(D,f@)

<l-o.
We have

(@-12D,(Dif (@) +72D,(zD,(D;f @) 3
-»D;f@+72D,D;f(2)

-7 D.f(@+2D,(D, ()

i Re{(l_y)z D.(D; f@)+7D,zDy(Dyf @)

1.12) °,

@-12Dy(Dy @) +72D, DDy @) _

(-7 D} @+7D,(D; ()
wp2[k] (k] - o+ (k] -vlal
) 1- Z[k] [1+y( kl 1)]ak |

This last expression is bounded above by
1-a)if

<1+ ,B)‘

> k]:ﬂk]u(uﬂ)—(a+ﬂ)ll+y([kl—1)]ak\ <l-a,

and hence the proof is completed.

Theorem 2. A function f(z) € T,(n,y,a,p) if
and only if

[k] [[kl(1+ﬂ) @+ ph( k] - Dla, <1-e

(2.2)

Proof. In view of Theorem 1, we need to prove
if f(z) eT,(n,y,a,p) then (2.2) holds. If
f(2) € T;(n,y,a, p) and z is real, then

=Sk K] [ k] v ez

[1+7([k]q—1)}ak 7"

z[k] (k],-o[1+r(k],-v]a.z"
1-Y [k] [1+ r(k]. —1)}61k 7"

along the real axis, we obtain

Letting z—1~

(2.2).
Corollary 1. Let f(2) € T,(n,y,a, ). Then
l-«a
as K] [k] @+ p-t@+p] 1erk] -0
(2.3)
The result is sharp for
l-a K
7 (k>2).
[k] [ Ll+ﬂ a+ﬂJh+y [kl J *
3.GROWTH AND DISTORTION
THEOREMS
Theorem 3. Let f(z) € T,(n,y,a,f). Then
for 0<i<n
D)
l-a 2
B 71 7 Ty 1
and
D@
l-a 2
P TR B Y
Equalities hold for
l-a 2

AT 2l e-p-@-nk
©3)

(2] ]

or
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1-a

2] o] p-weple 2] o]

Proof. Note that f(z) € T,(n,y,a, ) if and
onty if Da @ T (1=i7.0.5),

D. f(z):z—g[k];ak 7.

Using Theorem 1, we have

D, f(z)=2- 7'(zeV).

where

(3.4)

2] [2] e+ @+ pb 2] -0l K]

k=2

Sk ep-embenfi] ola

<l-gq,
that is, that

S a

) l-«

[2] 2lesp-@pler2]-)
It follows from (3.4) and (3.5) that

OF z\—\zri[k]‘qak

2[4~

1-«a

2] 2] esn- a+ﬂll+y[21

(3.6)
and
\D;uz)\s»zw\zri[ky
l-«a

[2] lasn- (a+ﬁ)Jb+y<[21

3.7)
This completes the proof.
Corollary 2. Let f(z) € T,(n,y,a, (). Then

@)

2|Z| l-a 2
2llelen-w o] o

and

f(2)

£|z| l-«a 2

I} oo nlorl] ol

The sharpness attained for f(z) given by (3.3).

Proof. Taking i=0 in Theorem 3, we have the
result.
Corollary 3. Let f(z) € T,(n,y,a, ). Then

(2)

> |- L [2f z<u)
Rl ] e o~ plhe 2] -0

and

D;f@)

<fg+ S 2] 2<v)

Rl 2] e+ m-@+plr(2] o)

The sharpness accurs for f(z) given by (3.3).

1

Proof. Note that D. @) =2D, @) Hence
taking i=1 in Theorem 3, we have the corollary.
Corollary 4. Let f(z) € T,(n,y,a,f). Then U
is mapped onto a domain that contains the disc
| < [217[[21(1+B)=(a+B)] [1+¥([214-1)]-(1-a)

[213[[21g(1+B)—(a+B)] [1+y([214-1)]
4 CLOSURE THEOREM

Let f,(z) be defined, forv = 1,2,...,m, by

i k
f V(Z) = Zaklvz (., 20 zeU).
k=2
Theorem 4. Let f,(z) € T,(n,y,a,p) for

(4.)

v=12,...,m. Then
9@)=>c, f @, (4.2)
v=1
is also in the same «class, where

CVZO, in =1.

Proof. According to (4.2), we can write

o-1-3(Sca. )7

(4.3)
Further, since f,(z) € T4(n,y, a, B), we get

g[k]zukl(lw)—(a+ﬂ)]b+y([kl—l)]akyvsl—a.

(4.4
Hence

Skl m-@s o] 0] Sca.
—ch{ [][[kl(1+ﬂ) @+ pl+( k] - 1)]akv}
S(;Cvj(l—a):l—a,

(4.5)
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which implies that g(z) € T,(n,y, a, ). Thus
we have the theorem.

Corollary 5. The class T,(n,y,a,f) is closed
under convex linear combination.

Proof. Let f,,(z) € Ty(n,y,a, ) (v = 1,2) and
&(Q =pfi(2)+ A -pf(2) Osp<1),

Then by, taking m=2, c¢;=p andc, =

1—u in Theorem 4, we have g(z)€
T,(n,y,a,p).

Theorem 5. Let f1(z) = zand

f l-«a k

k(z):Z_[k]ﬂ[k]q(uﬂ)—(a+ﬂ)11+7([kl—1)]z =2
(4.7)
Then f(z) € T,(n,y,a, B) if and only if

f0=2uf,0 s

=1
where yu, = 0 (k > 1) and =
Proof. Suppose that

f@-Yu,f,0

o

l-« k
Z— .
Sk k] @ m-@rplhe k] -0l

(4.9)

Then it follows that

[k - ple ] 0] L

z L-a KT Tk e p- mhe ] o™

(4.10)

=§ﬂk=1*ﬂ131-

So by Theorem 1, f(z) € T,(n,y, a, ).
Conversely, assume that f(z) € T,(n,y, a, B).
Then

l-a k
a St T 17' (k>2).
K]'[k] @+ -+ mps (k] -]
(4.11)
Setting
Hi =

1gllkg Q- Pl [ty (=D | - 5 9y

1-a k -

(4.12)
and
=12 40 (4.13)
k=2

we see that f(z) can be expressed in the form
(4.8). This completes the proof.

Corollary 6. The extreme points of
T,(n,y,a,p) are fi(z) (k=1) given by
Theorem 5.

5} SOME RADII
T,(n,y,a pB)
Theorem 6. Let f(z) € T,(n,y, a, ). Then for
0<p<l k=2 f(2)is

(i) close -to- convex of order p in |z| < 1y,
= rl(ny)/! a!ﬁ'p) =

OF THE CLASS

1 1
I raf (1-p) [kl G|kl q(1+B)—(a+B)|[1+y([klq—1)] | k-1
k(1-a) .

(5.1)
(ii) starlike of order p in |z| < 1y,

inf

T'_Z = T'_Z (Tl, Y Q, :B' p) = kK [D(((l -
p)lkl_q"n [[k]_g (1 + B) = (a + B)][1 +
y(lkl.q = DD/((k = p) (1 =a))]"0(1/
((k = 1))).

(5.2)
(iii) convex of order p in |z| < r3,
r3 = T'3(Tl,)/, d,ﬁ,p) =

1 1
”Ef [(1—p)[k13[[k]q<1+ﬁ)—(a+ﬁ)][1+y([k1q—1)]]<—k—1)
k(k—p)((1-a) )
(5.3)

The results are sharp, for f(z) given by (2.4).
Proof. To prove (i) we must show that
If'(2) =1l <1—-p forlz

< rl(n; ]/; a, ﬁl p)
From (1.2), we have

o k-1
Skalz
|f'(z) — 1| <k=2
Thus
If'(z) -1 <1-p,
if
Z[ : j 2 <1 (5.4)
z\1l-p a o .

But, by Theorem 1, (5.4) will be true if

k -
(E) |Z|k 1
< [k]z,l[[k]q(uﬁ)—(aw)][1+y([k]q—1)],

. _ 1-a
that is, if
|z] <

1
[(1—p)[k]3[[k]q(1+B)—(a+B)][1+y([k]q—l)]](k—l) k = 2),

k((1-a)
(5.5)

which gives (5.1).

To prove (ii) and (iii) it is suffices to show that
SO <1-p for |z <y, (5.6)
If'(z) —1|<1—-p for |z| <, (5.7)
respectively, by using arguments as in proving

(i).
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6.PARTIAL SUMS
For f(z) € S, its partial sums is given by

m
k

fn(2) = z + k=2 (m € N\ {1}).
Silverman [19] determined sharp lower bounds
f f@ fm@ '@

fm(@)’ (@) fm(2) f'(2)
for some subclasses of S.
We will follow the work of [19] and also the
works cited in [4, 5, 8, 9, 14, 18] on partial
sums of analytic functions, to obtain our results
of this section.

for the real part o

We let
0., =[] (k] @+ ot plrk] -2
(6.1)
Theorem 7. If f satisfies (2.1), then
@:,mﬂ_l—'_ @
f@) D...
Re L (Z)) > a1 (z€U), (62)
where
) l-a, if k=23...m
>
D d. ., if k=m+1.
G (6.3)
The result (6.2) is sharp for
f(z2)=z+ 1;“ zm+1, (6.4)
q,m+1
Proof. Define g(z) by
1+g(2) _ @q,mﬂ f(2) _ @q,mﬂ —1+a
1-g9(2) T 1-a -

fm(2) ®n
q,m+1

CI): mﬂ) Zak

m

=m+1

- (6.5)
Yaz
1+ k=2
It suffices to show that |g(z)[<1. Now from (6.5)

we have
( ) Ya.z"
k=m+1
9(2) = -
k-1
Yz ( ) Yaz
242 k=2 + — k=m+1

Hence we obtain

fn(2)

D, Z‘ak‘
" k=m+1
lg(2)] < - —
Z\ak\ (CDZ,M) Z‘ak‘
2 — 2 k=2 — - k=m+1

Now |g(z)| < 1if and only if

D ‘ak‘ ;‘ak‘

k=m+1 _2_2:

1-a

or, equivalently,

n

o e D
Sal+ > Faf<1

k=2 k=m+1

From (2.1), it is sufficient to show that
d N0 2 Dy,
;‘ak‘Jrk_zll qa ‘Séﬁ‘ak"

which is equivalent to

4 (Dqk lta q)qk chm+1
2

l1-«a

k‘zo.

(6.6)
For z = re'™™ we have

f(2) l-—a

=1l+——z" - 1—-

fm(2) ...

1—«a

n
®q,m+l
n
(Dq'””l -1+«

= where r - 17,
n

q)q,m+1
Which shows that f(z) given by (6.4) gives the
sharpness.
Theorem 8. If f(z) satisfies (2.1), then

n

Re (fm(Z))> D
a7~ g
q,m+1

(zeU),

(6.7) +1-a

n
>1-«a
where (Dq m+l and

. [1-a,  if k=23..m
> n .
Dy D, ifkxm+l
gm+ (6.8)

f(2) given by (6.4) gives the sharpness.
Proof. The proof follows by defining
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n

1+9(2) (Dq'””l +1—-al|fm(2)
1-g(z) l-a f(2)
@:,mﬂ
(D:,erl _|_ 1 —a

and much akin are to similar arguments in
Theorem 7. So, we omit it.
Theorem 9. If f satisfies (2.1), then

n

Re (f @) Dot _ gnenya-a
fm(z) (Dn
gq,m+1

(z€el)

(6.9)
and

fm(2)
Re ( ) =
' n
CDq,m+1 +(m+1)(1-a)

Where Dy = M+ - ) and
if k=23,....m

k(l— ),
n > n
D, k[%J if k>m+1 m+2,...

n

@q,m-ﬂ

(6.10)

m+1

(6.11)

f(z) given by (6.4) gives the sharpness.
Proof. We write

1+9(2) _

1-g(z)

n n

q)qymﬂ '@ (Dq,m+1 -(m+1)(1-a)
m+1)(1-a) | f(2) n
(Dq m+1

where

g(z) =
( D )kaak 7"

(m+1)(1-a)

k=2 -
2+2 + (m+1)(1—-a)

Ykaz" /o \ 2kaz"
b k

Now |g(z)| < 1if and only if

4 q):erl
2hal [(m +1)(1- a)l;lk ast

From (2.1), it is sufficient to show that

n

4 ®qm+1 < (I)qk
Syl e Sl 5

which is equwalent to

m L —k@+a)
z[ kG J|ak|+

k=2

. [((M+D) D -k,
2 M+ a) [a=o.

k=m+1

To prove the result (6.10), define g(z) by

n

1+9(2) _ (m+1)(1—ac)+q)q’”‘+1 fm@
1-g(z) (m+1)(1-a) f'(2)
q)q,m+l

n
(m+1)(1—oc)+cI)q'"‘+l
and by similar arguments in first part we get
desired result.

Remark.

(i) Putting =0 and letting g - 1 in
Theorems 7, 8 and 9, we get results for the
class P(1,y, a,n).

(it) Putting y = n = = 0in Theorems 7, 8
and 9, we get the results for the class C, ().
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